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1 Reducibility 

There are several reasonable ways to compare ERs, usually formalized in terms 
of existence of a reduction, i. e., a map of certain kind which allows to derive one 
of the ERs from the other one. Borel reducibility <b is the key one, yet there 
are several special types of <b, in particular, those induced by a low-level maps, 
useful in many cases. Generally, the most of research on reducibility of Borel ERs 
or ideals is concentrated around the following notions of reducibility. 

l.a Borel reducibility 

If E and F are ERs on Polish spaces resp. X, Y, then 

* E <B F [Borel reducibility) means that there is a Borel map : X — > Y 
(called reduction) such that xEy <^=^ F for all x, y € X ; 

* E ~B F iff E <B F and F <b E (Borel bi-reducibility); 

* E <B F iff E <B F but not F <b E (strict Borel reducibility); 

* E Cb F means that there is a Borel embedding, i.e., a 1 — 1 reduction; 

* E «B F iff E Cb F and F Cb E (a rare form, [18, § 0]); 
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* E F means that there is a Borel invariant embedding, i. e., an embedding 
f? such that rant? = {i}{x) : x G X} is an f -invariant set (meaning that 
the F-saturation [rani^jp = {y' : 3x (y Fi?(cc))} equals rant?); 

* E <c F, E Co F, E F mean that there is a continuous resp. reduction, 
embedding, invariant embedding. 

Sometimes they write X/E <b Y/F instead of E <b F. 

Borel reducibility of ideals: <b ^ iff E,/ <b E^. Thus it is required 
that there is a Borel map i? : ^{A) ^{B) such that xAyeJ^ iff 
'&{x) At?(j/) G ^ . (Here is an ideal on A and ^ is an ideal on B.) 

Versions <c ^ , ^ ^ ^ ^ have the corresponding meaning, 

l.b "Algebraic" Borel reducibility 

This is a more special version of Borel reducibility of ideals, characterized by the 

property that the reduction must respect a chosen algebraic structure. We shall 
be especially interested in the Boolean algebra structure and a weaker A-group 
structure of sets of the form S^i^A). Let J^, ^ be ideals on resp. A, B . 

Borel BA reducibility: J' <b,ba ^ if there is a Borel ^-approximate Boolean 
algebra homomorphism d : ^(A) ^P{B) with x G ,_f 'd{x) G ^ . 

A version: y <b,ba ^ if there is a set ^ G ^+ with <b,ba \ A) . 

Here, t? : ^{A) ^{B) is an ^ - approximate Boolean algebra homomorphism 
if the sets {"9{x) U t9(y)) A 'd{x U y) and t?(C.T) A C(t?(,T)) always belong to / 
whenever x, y A. Let further a ^-approximate A-homomorphism be any 
map ■& : ^{A) ^{B) such that (t?(x) A t?(y)) A ■d{x A y) always belongs to 
^ . This leads to a weaker reducibility: 

Borel A-reducibility: J' <b,a ^ iff there is a Borel ^-approximate A- 
homomorphism -Q : ^{A) ^{B) such that x G <S=^ '&{x) G ^ . 

l.c Borel, continuous, and Baire measurable reductions 

Many properties of Borel reductions hold for a bigger family of Baire measurable 
(BM, for brevity) maps. Any reducibility definition in §§ l.a, l.b admits a weaker 
BM version, which claims that the reduction postulated to exist is only BM, not 
necessarily Borel. Such a version will be denoted with a subscript BM instead of 
B, for instance, E <bm F means that there is a BM reduction, i.e., a BM map 
1? : X = dom E ^ Y = dom F such that x£y t?(x) F ■d{y) for all x, y G X . 
On the other hand, a continuous reducibility can sometimes be derived. 
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Lemma 1 (Louveau ?). If ^ is a Borel ideal on a countable A, E an equiva- 
lence relation on a Polish X, and E j <bm E, then E j; <c E x E (via a contin- 
uous reduction), that is, there exist continuous maps i^o, i?i '■ ^{A) X such 
that, for any x, y E ^{hi), xAy G iff both ■doix)E-&o{y) and ■di{x)E'di{y) . 

Proof. We w.l.o.g. suppose that ^ = INI. Let i? : ,^(INI) — X witness that 
E jf <BM E. Then i? is continuous on a dense G5 set D = f]-Di C ^(IM), all 
Di dense open and Dj+i C Dj. A sequence = hq < ni < n2 < ■ ■ ■ and, for 
any i, a set Ui C [ni,ni+i) can be easily defined, by induction on i, so that 
X n [rii, nj+i) = X G -Dj. ^ Let 

^1 = U ['^2i, n2j+l) , iV2 = Ui [n2i+l, n2i+2) , t^l = Ui , ^^2 = Ui "2i+l • 

Now set = n Ni) U [/2) and ??2(a;) = n ATg) U C/i) for x C . □ 

The following question should perhaps be answered in the negative in general 
and be open for some particular cases. 

Question 2. Suppose that E <b F are Borel ERs. Does there always exist a 
continuous reduction ? □ 

l.d Reducibility via maps between the underlying sets 

This is an even more special kind of Borel reducibility. Let J^, ^ be ideals on 
resp. A^ B, as above. 

Rudin Keisler order: ^ <rk iff there exists a function 6 : INI — INI (a 
Rudin-Keisler reduction) such that a; G b~^{x) G ^ . 

Rudin B lass order: J' <rb ^ iff there is a finite-to-one function 6 : INI INI 

(a Rudin-Blass reduction) with the same property. 

A version: <~^^ ^ allows b to be defined on a proper subset of IM, in 
other words, we have pairwise disjoint finite non-empty sets Wk = b~^{{k}) 
such that X e Wx = Ufcex "^k G 

Another version: <rb^ ^ requires that, in addition, the sets Wk = 
b~^{{k}) satisfy maxwk < minu^fe+i- 

There is a "clone" of the Rudin-Blass order which applies in a much more 
general situation. Suppose that X = Hfeew -^k and Y = nfcsN ^ki = no < 
ni < n2 < and Hi : Xi ^ Y\.ni<k<ni+i ^k for any i. Then, we can define 



^{x) = Ho{xo) U Hi{xi) U H2{X2) U ... G y 
^ Sets like Ui are called stabilizers, they are of much help in study of Borel ideals. 



1 REDUCIBILITY 



7 



for each x = {xijig^ £ X. Maps 'I' of this kind were called additive by 
Farah [7]. More generally, if, in addition, = mo < mi < m2 < and 
Hi ■■ U.mi<j<mi+i nni<fc<n,+i for any i, then we can define 

^{x) = Ho{x \ [mo, mi)) U Hi{x \ [mi, 7712)) U i^2(.x \ [m2, m?,)) U ... G F 

for each x £ X. Farah calls maps ^ of this kind asymptotically additive. All of 
them are Borel functions X ^ Y, provided all sets Xj and Yk are finite. 

Suppose now that E and F are ERs on resp. X = Ylj^X^ and Y = Hfe^fc- 

Additive reducibility: E <a F if there is an additive reduction E to F. E <aa 
F if there is an asymptotically additive reduction E to F . 

Lemma 3 (Farah [7]). Suppose that ^ and ^ are Borel ideals on INI. Then 
^ <R^ J iff <A . 

(By definition E j- and E ^ are ERs on i^(N), yet we can consider them 
as ERs on 2"^ = rifceNi^' -*-}' usual, which yields the intended meaning for 
^J' <A E^.) 

Proof. If =y <Ri^ ^ via a sequence of finite sets Wi with max it;, < minuij+i 
then we put no = and n, = minwi for A; > 1, so that Wi C [n,, nj+i), and, for 
any i, put Hi{0) = [nj,nj_|_i) x {0} and let Hi{l) be the characteristic function 
of Wi within [nj,ni_|_i). Conversely, if E.^ <a E jr via a sequence = no < ni < 
n2 < ... and a family of maps Hi : {0, 1} 2["*'"'+i) then ^ ^ via the 
sequence of sets 'Wi = {k £ [nj, n^+i) : Hi{0){k) 7^ Hi{l){k)} . □ 

The following definition is taken from [19]. Let ^ be ideals on INI . 

Reducibility via inclusion: ^ <\ ^ '\i there is a map 6 : IM — ^ IM such that 
x£ J =^ b~^{x) e ^. (Note =^ instead of <S=^!) 

In particular if Q ^ then J' <\ ^ via h(k) = k. It follows that this 
order is not fully compatible with <b because =^{1/^} ^ while the summable 
ideal =5^{i/n} and the density-0 ideal are known to be <B-incomparable. 

l.e Isomorphism 

Let ^ be ideals on resp. A, B. Isomorphism J' = ^ means that there is 
a bijection /3 : A B such that we have x G <^=^ G ^ for all x C A. 

Sometimes they use a weaker definition: let J' =* ^ mean that there are 
sets A! e J'^ and B' e such that ^ \ A' = / \B'. Yet this implies 
^ = ^ \Vl most usual cases, the only notable exception (among nontrivial 
ideals), is produced by the ideals J = Fin and ^ = Fin ©,^(IM) = {a;ClNl: 
X (ID E Fin}, where D is an infinite and coinfinite set ^ : then =* ^ but 
not =y = ^. 

^ Kechris [27] called ideals ^ of this kind trivial variations of Fin . 
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1. f Remarks 

ch Gck ijiiis 

The following shows simple relationships between different reducibilities: . ,. 

subsection 

_l_ once 

^RB =^ ^RK =^ ^BE ^ ^ ^BE ^ ^ —A ^ =^ ^ ^B a,gain-\ 

For instance if : IM ^ INJ witnesses ^ <rk then ^b(X) = b~^{X) witness- 
es y <BE ■ Note that any -di, is an exact Boolean algebra homomorphism 
=^(INI) — > ^(INJ); moreover, it is known that any BM Boolean algebra homo- 
morphism i^(IM) —> ,^(IM) is for an appropriate & : INJ ^ INJ. Approximate 
homomorphisms are liftings of homomorphisms into quotients of i^(lNi), thus, 
any ^-approximate ?9 : ^(INJ) induces the map @{X) = {i^{X) AY : 

Y G which is a homomorphism ^{hi) ^(U)/ ^ . Farah [6], and 

Kanovei and Reeken [24] demonstrated that in some important cases (of "non- 
patological" P-ideals and, generally, for all Fatou, or Fubini, ideals) we have 
<RK J ^ <BE ^- On the other hand <rk J ^ J' <be J fails 
for rather artificial P-ideals. 

The right-hand end is the most intrigueing: is there a pair of Borel ideals 
^ such that ^ <B ^ but not <a ^ ? If we actually have the equiva- 
lence then the whole theory of Borel reducibility for Borel ideals can be greatly 
simplified because reduction maps which are A-homomorphisms are much easier 
to deal with. 

2 Introduction to ideals 

As many interesting ERs appear as for a Borel ideal we take space to 
discuss a few basic items related to Borel ideals. We begin with several examples 
and notation, and then continue with some important types of ideals. 

• Fin = {x C INI : X is finite}, the ideal of all finite sets; 

• J^i = Fin X = {x C tts|2 : {/c : {x)k / 0} € Fin} ; 

• J^2 = -^{i/n} = {ic C IM : X^^gj, ;^} < +c», the summable ideal; 

• J^3 = X Fin = {x C . V A; {{x)k e Fin)} ; 

• ^0 = EU{iy = {xQU: liiii„_+oo ^^"'^J"'"'^^ = 0}, the density ideal. 

2. a Notation 

• For any ideal on a set A, we define J^"*" = ^{A) \ {^-positive sets) 
and = {X -.ZX e J^} {the dual filter). Clearly $ ^ J^^ C . 

• li B CA, then we put \ B = {x B : x e J^} . 
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• If -y, ^ are ideals on resp. A, B, then ^ ® ^ (the disjoint sum) is 
the ideal of all sets x C C = ({0} x ^) U ({1} x B) with (x)o G and 
(x)i G ^ (where (x)j = {c : (i,c) G x}, as usual). 

If the sets A, B are disjoint then ^ ® ^ can be equivalently defined as 
the ideal of all sets x C ^ U B with x\A^J' and x\B ^ / . 

• The Fubini product Y\a&A c^a. / ^ oi ideals on sets Ba, over an ideal 
y on a, set A is the ideal on the set B = {(a, 6) : a G A A 6 G i^a}, which 
consists of all sets y Q B such that the set {a : (?/)„ ^ belongs to 
where (y)a = {b : {a,b) G y} (the cross-section). 

• In particular, the Fubini product ^ ® ^ oi two ideals J' ^ ^ on sets 
resp. A,B, is equal to HaeA ^al ^ ■, where = Va. Thus J ® ^ 
consists of all sets y C Ax B such that {a : {y)a ^ ^} G J^. 

2.b P-ideals and submeasures 

Many important Borel ideals belong to the class of P-ideals. 

Definition 4. An ideal on INJ is a P-ideal if for any sequence of sets x„ G 
there is a set a; G ^ such that Xn x (i. e., x„ \ .x G Hn) for all n; □ 

For instance, the ideals Fin, J^2; -^3, ^ (but not J^i!) are P-ideals. 
This class admits several apparently different but equivalent characteriza- 
tions, one of which is connected with submeasures. 

• A submeasure on a set A is any map (p : 3^{A) —i- [0,+oo], satisfying 
(^(0) = 0, ip{{a}) < +00 for all a, and if(x) < ip{x Uy) < (p{x) + ip{y) . 

• A submeasure (y? on INJ is lover semicontinuous , or l.s.c. for brevity, if we 
have (p{x) = sup^^ ip{x n [0, n)) for all x G ^(N) . 

To be a measure, a submeasure 9? has to satisfy, in addition, that ip{xUy) = 
f{x) + if{y) whenever x, y are disjoint. Note that any a-additive measure is 
l.s.c, but if if is l.s.c. then (^00 is not necessarily l.s.c. itself. 

Suppose that (/? is a submeasure on N. Define the tailsubmeasure (poo{x) = 
\\x\\ip = inf„(</?(x n [n,oo))). The following ideals are considered: 

Fin^ = {x G ^(N) : (/?(x) < +00} ; 

Null,^ = {x G ^(N) : ip{x) = 0} ; 

Exh^ = {x e ^{U):<f^{x) =0} = Null^^ . 

Example 5. Fin = Exh<^ = Null,^, where (p{x) = 1 for any x 7^ 0. We also 
have x Fin = Exh^, where ip{x) = 2~'' (p{{l : {k,l) G x}) is l.s.c. □ 

It turns out (Solecki, see Theorem 41 below) that analytic P-ideals are the 
same as ideals of the form Exh^, where <^ is a l.s.c. submeasure on INI. It follows 
that any analytic P-ideal is Ilg . 
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2.C Polishable ideals 

There is one more characterization of Borel P-ideals. Let T be the ordinary Polish 
product topology on ^(IM). Then ,^^(11x1) is a Polish group in the sense of T and 
the symmetric difference as the operation, and any ideal on INI is a subgroup 
of 

Definition 6. An ideal ^ on INI is polishable if there is a Polish group topology 
r on which produces the same Borel subsets oi ^ as T \ y . □ 

The same Solecki's theorem (Theorem 41) proves that, for analytic ideals, to 
be a P-ideal is the same as to be polishable. It follows (see Example 5) that, for 
instance, Fin and = x Fin are polishable, but = Fin x is not. The 
latter will be shown directly after the next lemma. 

Lemma 7. Suppose that an ideal ,f C ^(N) is polishable. Then there is only 
one Polish group topology t on ^ . This topology refines TlJ^ and is metrizable 
by a A-invariant metric. If Z E J' then r \ ^{Z) coincides with T \ ^{Z). In 
addition, ^ itself is T-Borel. 

Proof. Let r witness that ^ is polishable. The identity map f{x) = x: {J' ; r) — > 

(,^(IH) ; T) is a A-homomorphism and is Borel-measurable because all (T \ J'\ 
open sets are r-Borel, hence, by the Pettis theorem (Kechris [26, ??]), / is con- 
tinuous. It follows that all (T \ J^)-open subsets of are r-open, and that 
is T-Borel in ^(INI) because 1 — 1 continuous images of Borel sets are Borel. 

A similar "identity map" argument shows that r is unique if exists. 

It is known (Kechris [26, ]) that any Polish group topology admits a left-in- 
variant compatible metric, which, in this case, is right-invariant as well since A 
is an abelian operation. 

Let Z G =5^(IM). Then S^iZ) is T-closed, hence, r-closed by the above, 
subgroup of ,^ , and r f i^(Z) is a Polish group topology on ^(Z). Yet T \ .^(Z) 
is another Polish group topology on ^{Z), with the same Borel sets. The same 
"identity map" argument proves that T and r coincide on ^(Z). □ 

Example 8. ^1 = Fin x is not pohshable. Indeed we have Fin x = Wn, 
where Wn = {x : x C. {0, 1, ...,n} x INI}. Let, on the contrary, r be a Polish group 

topology on .Yi. Then r and the ordinary topology T coincide on each set Wn 
by the lemma, in particular, each Wn remains r-nowhere dense in Wn+i, hence, 
in J^i, a contradiction with the Baire category theorem for r. □ 

2.d Some Fq^ ideals 

Any sequence {r„}„eN of positive reals r„ with = -Foo defines the ideal 

=^{r„} = C W : ^ rn < +00} = {X : (X) < +00} , 
nex 
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where = ^^^ex "^n- These ideals are called summable ideals; all of them 

are Fg-. References [33, 35, 6]. Any summable ideal is easily a P-ideal: indeed, 
"^{rn} ~ ^^^¥55 where f^X) = ^ c-additive measure. 

Summable ideals are perhaps the easiest to study among all P-ideals. Further 
entries: 1) Farah [6, § 1.12] on summable ideals under <be) 2) Hjorth: <b- 
structure of ideals <B-reducible to summable ideals, in [13]. 

Lemma 9 (Folklore ?). Suppose that rn > 0, r„ — > 0, and X^^j^^ = +oo. Then 

any summable ideal satisfies -^{r„}- 

Proof. Let / = where Pn > (no other requirements !). Under the 

assumptions of the lemma we can associate a finite set it;^ C INJ to any n so that 
max Wn < minu;„+i and |r„ - I]je«,„ < □ 

Farah [6, § 1.10] defines a non-summable P-ideal as follows. Let Ij^ = 

min{fc, #s} for all k and s C I/^, and then 

oo 

iP{X) =J2MXnlk) and ^ = Fin^; 

k=0 

it turns out that is an Fq- P-ideal, but not summable. To show that ^ 
distincts from any =5^{r„}, Farah notes that there is a set X (which depends on 
{rn} ) such that the differences |/X{j.„}(-^ l~l ^k) ~ i^kiX n k = 0,1, 2, ... , are 
unbounded. 

Further entry: Farah [5, 4, 7] on Tsirelson ideals. 



2.e Erdos - Ulam and density ideals 

These are other types of Borel P-ideals. Any sequence {rn}ne^ of positive reals 
r„ with = +oo defines the ideal 

lim = S . 

These ideals are called Erdos - Ulam (or: EU) ideals. Examples: ^ = EU^ij 
and 3fiog = EU{i/n} ■ 

This definition can be generalized. Let supp n = {n : ;u({n}) > 0}, for any 
measure fj, on IM. Measures /x, v are orthogonal if we have supp n supp = 0. 
Now suppose that jl = {/LtnjnGN is a sequence of pairwise orthogonal measures 
on INI, with finite sets supp^j. Define ^fi{X) = sup„;U„(X) : this is a l.s.c. 
submeasure on IM. Let finally S>p, = Exh((/?^) = {X : \ \X\\y,^ = 0}. Ideals of this 
form are called density ideals by Farah [6, § 1.13]. This class includes all EU 
ideals (although this is not immediately transparent), and some other ideals: for 
instance, x Fin is a density but non-EU ideal. Generally density ideals are 
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more complicated than summables. We obtain an even wider class if the require- 
ment, that the sets supp//„ are finite, is dropped: this wider family includes all 
summmable ideals, too. 

References [21], [6, § 1.13]. 

Further entries: 1) Farah: structure of density ideals under <be) 2) Farah: 
Cfl-equalities, 3) Relation to Banach spaces: Hjorth, SuGao. 
Which ideals are both summable and density ? 

2.f Some transfinite sequences of Borel ideals 

We consider three interesting families of Borel ideals (mainly, non-P-ideals), unit- 
ed by their relation to countable ordinals. Note that the underlying sets of the 
ideals below are countable sets different from hi . 

Frechet ideals. This family consists of ideals Fr^, ^ < wi, obtained by 
inductive construction using Fubini products. We put Fti = Fin and Fr^_|_i = 
Fin (g) Fr^ for all ^. Limit steps cause a certain problem. The most natural idea 
would be to define Fr^ = n5<A / ^^-''^A for any limit A, where FinA is the 
ideal of all finite subsets of A, or perhaps Fr;^ = n$<A / '^^^Aj where Boua is 
the ideal of all bounted subsets of A, or even Fr a = n^<A / ^' where is the 
ideal containing only the empty set, yet this appears not to be fully satisfactory 
in [19], where they define Fta = HneN ^^?n /T^i-Ti) where {^„} is a once and for 
all fixed cofinal increasing sequence of ordinals below A, with understanding that 
the result is independent of the choice of modulo a certain equivalence. 

Indecomposable ideals. Let otpX be the order type of X C Ord. For any 
ordinals ^, < uji define: 

-^1 = {AC-0: otpA < Lu^} (nontrivial only if i? > a;^ ) . 

To see that the sets are really ideals note that ordinals of the form lo^ and 
only those ordinals are indecomposable, i.e., are not sums of a pair of smaller 
ordinals, hence, the set {A C : otpA < 7} is an ideal iff 7 = 0;^ for some ^. 

Weiss ideals. Let IXIcb be the Cantor-Bendixson rank of X C Ord, i.e., 
the least ordinal a such that X^'^^ = 0. Here X^"^ is defined by induction on 
a : = X, X(^) = na<A^^"^ at limit steps A, and finally = (X("))', 

where A', the Cantor-Bendixson derivative, is the set of all ordinals 7 G x which 
are limit points of X in the interval topology. For any ordinals ^, < uji define: 

= {AC'd: \A\cB < c^^} (nontrivial only if > w'^* ) . 

It is less transparent that all are ideals (Weiss, see Farah [6, § 1.14]) while 
{A C 'd : |A|cB < 7} is not an ideal if 7 is not of the form 00^ . 
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2. g "Other" ideals 

This title intends to include those interesting ideals which have not yet been 
subject of comprehensive study. A common method to obtain interesting ideals 
is to consider a countable set bearing a nontrivial structure, as the underlying 
set. In principle, there is no difference between different countable set as which 
of them is taken as the underlying set for the ideals considered. Yet if the set 
bears a nontrivial structure (i.e., more than just countability) then this gives 
additional insights as which ideals are meaningful. This is already transparent 
for the ideals defined in § 2.f. 
We give two examples. 

Ideals on finite sequences. The set N^'^ of all finite sequences of natural 
numbers is countable, yet its own order structure is quite different from that of 
INI. We can exploit this in several ways, for instance, with ideals of sets X C INI^'^ 
which intersect every branch in INI^'^ by a set which belongs to a given ideal on INI . 

3 Introduction to equivalence relations 

The structure of Borel and analytic ERs under <b includes key ERs which play 
distinguished role. The plan of this section is to define some of them and outline 
their properties, then introduce some classes of ERs. 

3. a Basic equivalence relations 

Equalities can be considered as the most elementary type of ERs. Let D(X) 
denote the equality on a set X, considered as an equivalence relation on X. 

A much more diverse family is made of equivalence relations generated by 
ideals. Recall that for any ideal on a set A, Ejr is an ER on ^{A), defined so 
that X E^Y iff X AY ^ ^. Equivalently, E j- can be considered as an ER on 
2^ defined so that f g iff f Ag e J^, where f Ag = {a e A: f{a) / g{a)}. 
Note that Ejr is Borel provided so is J' . 

This leads us to the following all-important ERs: 

• Eq = EpiTi, thus, Eq is a ER on .^(INI) and xE^y iff x A y G Fin . 

• El = Ej?^, thus. El is a ER on .^(INI x INI) and xEqu iff = {y)k for 
all but finite A;, where, we recall, {x)k = {n : {k,n) G x} for a; C INI x INI. 

• E2 = Ejfj, thus, E2 is a ER on =^(IH) and a; E2 y iff J2k£xAy < 

• E3 = E^3, thus. El is a ER on ^{hl x IM) and xE^y iff (x)^ Eq V/c. 

Alternatively, Eq can be viewed as an equivalence relation on 2"^ defined as 
a El 6 iff a{k) = b{k) for all but finite k. Similarly, Ei can be viewed as a ER on 
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=^(INJ)'^, or even on (2'^)'^, defined as xEiy iff x{k) = y{k) for all but finite k, 
for all a;,y G ^(INJ)^, while E3 can be viewed as a ER on J^(lNJ)^, or on (2^)^, 
defined as x E3 y iff x{k) Eq y{k) for all k . 

Relations of the form Ey are special case of a wider family of ERs induced 
by group actions, see § 3.d below. 

The main structure relation between Borel equivalence relations is <b, Borel 
reducibility. Some variations (see §l.a) are involved in special cases. 

Definition 10. A Borel equivalence relation E on a space X is: 

- countable, if every E-class [x]e = {y € X : x E y}, a; G X, is countable; 

- essentially countable, if E <b F, where F is a countable Borel ER; 

- finite, if every E-class [x]e = {y G X : x E y}, x G X, is finite; 

- hyperfinite, if E = IJ^.^ E„ for an increasing sequence of Borel finite ERs E„ ; 

- smooth, if E <b D(2'^) — then E is obviously Borel; 

- hypersmooth, if E = E„ for an increasing sequence of smooth ERs E„ . □ 

Countable equivalence relations form a widely studied family. 

• Eqo is the <B-largest, or universal countable Borel ER. 

See Theorem 31 on the existence and exact definition of E^c • 

The next group includes equivalence relations induced by actions of (the 
additive groups of) some Banach spaces, in particular the following ones well 
known from textbooks: 

£P = {xGR^: Enl^nr<00} (p>l); ||x||p = (Enknl^)^; 

£°° = {x eR^ : sup„ \xn\ < 00}; ||x||oo = sup„ |x„| ; 

c = {x G IR"^ : lim^Xn < 00 exists}; ||x|| = sup„ |x„l ; 

Co = {x G R'^ : liin„ Xn = 0}; ||x|| = sup^ |xn| • 

Note that c, Co are separable while is non-separable. The domain of each 
of the four spaces consists of infinite sequences x = {x„}„giH of reals, and is a 
subgroup of the group (with the componentwise addition). The latter can be 
naturally equipped with the Polish product topology, so that i^, £°°, c, Co are 
Borel subgroups of IR'^. (But not topological subgroups since the distances are 
different. The metric definitions as in £f or do not work for R^ .) 

Each of the four mentioned Banach spaces defines an orbit equivalence — 
a Borel equivalence relation on R^ also denoted by, resp., £^, c, Cq. For 
instance, x £? y if and only if \xk — yuY' < +00 (for x, y G IR''^"' ). It is 
known (see Section 4) that £^^^ E2 and £^ <b £'^ whenever 1 < ;^ < g, in 
particular, £^ ~b ^2 <b -^^ for any q> 1. On the other hand, co~b Zo, where 
Zq is the "density 0" equivalence relation: 



Is any 
ctble S} 
ER 

actually 
Borel ?-\ 
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• Zo = E^To, thus, for X, y in ^{\^), xZ^y iff lim^^oo ^^f^ = 0. 
Another important ER is 

• T2, often called "the equality of countable sets of reals". 

There is no reasonable way to turn =^ctbi(1^'^)) the set of all at most count- 
able subsets of INl"^, into a Polish space, in order to directly define the equali- 
ty of countable sets of reals in terms of D(-). However, nonempty members of 
=^ctbi('^J'^) can be identified with equivalence classes in (N''^)''^/T2, where 5X2/1 
iff ran (7 = ran/i : for g, h G (iNj'^)'^. (See below in Section 10 on equivalence 
relations Tq, for all a < oji.) 

In addition to the families of equivalence relations introduced by Defini- 
tion 10, some more complicated families will be considered below, including ERs 
induced by Polish group actions, turbulent ERs, ERs classifiable by countable 
structures, pinned ERs, and some more. 

3.b Borel reducibility of basic equivalence relations 

The diagram on page 16 begins, at the low end, with cardinals 1 < n G INJ, ^^O) c, 
which denote the ERs of equality on resp. finite, countable, uncountable Polish 
spaces. As all uncountable Polish spaces are Borel isomorphic, the equivalence 
relations D(X), X a Polish space, are characterized, modulo <b5 or even modulo 
Borel isomorphism between the domains, by the cardinality of the domain, which 
can be any finite 1 < n < or Mq, or c = 2^". 

The Eq splitting is the key element of the diagram on page 16. That D(2'^) <b 
Eq can be proved by a rather simple embedding while the strictness can be derived 
from an old result of Sierpihski [39]: any linear ordering of all Eo-classes yields a 
Lebesgue non-measurable set of the same descriptive complexity as the ordering. 
That every ER <b Eq is ~b to some n > 1, D(lNJ), 0(2"^), or Eq itself, is 
witnessed by the following two classical results: 

1st dichotomy (Thm 29 below). Any Borel, even any Jl[ ER E either has at 
most countably many equivalence classes, formally, E <b ^^o = C)(lNJ), or 
satisfies C = D(2"^) <b E. 

2nd dichotomy (Thm 35). Any Borel ER E satisfies either E <b C or Eq <b E. 

The linearity breaks above Eq : each one of the four equivalence relations Ei , 
E2, E3, Eoo of the next level is strictly <B-bigger than Eq, and they are pairwise 
<B-incomparable with each other, see §??. 

One naturally asks what is going on in the intervals between Eq and these 
four equivalence relations. The following results provide some answers. 

3rd dichotomy (Thm 46). Any ER E <b Ei satisfies E <b Eq or E ~b Ei. 
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Phc. 1: Reducibility between some basic ERs 
Connecting lines here indicate Borel reducibility of lower ERs to upper ones. 



4th dichotomy (Thm 67). Any ER E <b E2 either is essentially countable or 
satisfies E ~b E2 . 

See Definition 10 regarding essentially countable ERs in the 4th dichotomy. 
The "either" case there remains mysterious: any countable Borel ERs E <3 E2 
known so far are <b Eq. It is a problem whether the "either" case can be improved 
to <B Eq. This is marked by the framebox \T\ on the diagram. 

The fifth dichotomy theorem is a bit more special, it will be addressed below. 

6th dichotomy (Thm 64). Any ER E <b E3 satisfies E <b Eq or E '--'b E3 . 

Adams-Kechris theorem (not to be proved here). There is continuum many pair- 
wise <B-incomparable countable Borel ERs. 



The framebox I co-eqs I denotes cq- equalities , a family of Borel ERs introduced 



by Farah [7], all of them are <B-between E3 and cq ~b Zq, and there is contin- 
uum-many <B-incomparable among them. 
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The non-P domain denotes the family of all ERs Ey, where is a Borel 
ideal which is not a P-ideal. By Solecki [42, 43], for a Borel ideal to be not a 
P-ideal it is necessary and sufficient that J^i <b or, equivalently, Ei <b E^. 

Question 1. It there any reasonable "basis" of Borel ERs above Eq? □ 

It was once considered [16] as a plausible hypothesis that any Borel ER which 



is not <B 



Eoo, i. e., not an essentially countable ER, satisfies Ej <b E for at least 



one i = 1, 2, 3. This turns out to be not the case: Farah [4, 5] and Velickovic [46] 
found an independent family of uncountable Borel ERs, based on Tsirelson ideals, 
<B-incomparable with Ei, E2, E3, see below. 

It is the most interesting question whether the diagram on page 16 is complete 
in the sense that there is no <B-connections betwen the equivalence relations 
mentioned in the diagram except for those explicitly indicated by lines. Basically, 
one may want to prove the following non-reducibility claims: 
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E2 
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El, 


T2, 
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El, 


E2, 
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(5) 


E3 


^b: 


e^- 






(6) 


T2 


^b: 




Co; 




(7) 


Co 


^b: 


e°°, 


T2. 





Beginning with (1), we note that Ei is not Borel reducible to any equivalence 
relation induced by a Polish action (of a Polish group) by Theorem 48 below. On 
the other hand, E2, T2, Co obviously belong to this category of ERs. 

(2) follows from (1) and (3) and can be omitted. 

In (3), E2 ^B El can be proved by an argument rather similar to the proof of 
Theorem 22. Alternatively, it will follow from Theorem 40 that any Borel ideal 
y with Ej?^ <B El is isomorphic, via a bijection between the underlying sets, to 

or to a trivial variation of Fin, but J^2 does not belong to this category. The 
result E2 ^B Co in (3) is Theorem 22(ii). 

The results E2 T2 and cq T2 in (3) and (7) are proved below in 
Section 11 (Corollary 60); this will involve the turbulence theory. 

The result of (5) is Lemma 15. It implies co ^b in (7). 

(6) will be established in Section 15. 

This leaves us with (4). We don't know how to prove Eoo Ei easily 
and directly. The indirect way is to use Theorem 46 below, according to which 
Eoo <B El would imply either Eqo ~b Ei — impossible, see above, or Eqo < Eq. 
The latter conclusion is also a contradiction since Eq <b Eoo is known in the 
theory of countable Borel equivalence relations (see [2, p. 210]). 

Question 2. Is Eoo Borel reducible to Co? to or any other £P? □ 
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3.C Operations on equivalence relations 

The following operations over ERs are in part parallel to the operations on ideals 
in §2. a. 

(01) countable union (if it results in a ER) and countable intersection of ERs 
on one and the same space; 

(02) countable disjoint union E = Vfc ^fc of ERs on Polish spaces S^, that 
is, a ER on S = ljfc({^} ^ ^k) (with the topology generated by sets of the 
form {k} X U, where U C. Sk is open) defined as follows: {k, x) E {I, y) iff 
k = I and xE^y. (If Sfc are pairwise disjoint and open in S' = (Jjt Sfe then 
we can equivalently define E = Vj, E^ on S' so that xEy iff x, y belong 
to the same Sfc and xEi~y.); 

(03) product E = Y\f, E^ of ERs E^ on spaces Sfc, that is, the ER on the product 
space Hfc Sfc defined by: x Ey iff Xfc Efc yk for all k. 

(04) the Fubini product (ultraproduct) HfeeiH ^fe / of ERs Efc on spaces Sfc, 
modulo an ideal on INI, that is, the ER on the product space HfeGN Sfc 
defined as follows: xEy iff {A; : Xk ^fc yk} € ; 

(05) countable power ER E°° of a ER E on a space S is a ER on S^ defined 
as follows: x E°° y iff {[xfcjE : fc G N} = {[yfc]E : k € N}, so that for any k 
there is / with x^ E yi and for any I there is k with x^Eyi. 

These operations allow us to obtain a lot of interesting ERs starting just with 
very primitive ones. For instance, we can define the sequence of ERs T^, ^ < i^i, 
of H. Friedman [9] as follows ^. Let Tq = D(IM), the equality relation on IM. We 
put T^+i = T^*^. If A < wi is a limit ordinal, then put T;^ = Vj<a'''4- 

In particular domTi = INl'^ and xTiy iff ranx = rany, for a;, j/ G INl"^ . Thus 
the map 'd{x) = ranx witnesses that Ti <b D(,^(INI)). To show the converse, 
define, for any infinite u C IM, /5(n) be the increasing bijection IM u, while if 
u = {ko, ...,kn} is finite, put (3{u){i) = ki for i < n and fj{u){i) = k,,, for i > n. 
Then /3 witnesses D(^(IM)) <b Ti, thus, Ti ~b D(^(IM)). It easily follows that 
T2 ~B D(^(tt^J))°°, in fact, T2 ~b D(X)°° for any uncountable Polish space X 
as any such X is Borel isomorphic to ,^(N) (or to 2"^, which is essentially the 
same). With X = IM"^ we obtain the definition of T2 in §3. a. 

3.d Orbit equivalence relations of group actions 

An action of a group G on a space X is any map a : G x X ^ X, usually written 
as a{g,x) = g-x, such that 1) e-x = x, and 2) g-(h-x) = {gh)-x, — then, for 
any 5 G G, the map x 1— > g-x is a bijection X onto X with x 1— > g~^-x as the 

* Hjorth [15] uses F5 instead of T5 . 
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inverse map. A G -space is a pair (X ; a), where a is an action of G on X ; in this 
case X itself is also called a G-space, and the orbit ER, or EE induced by the 
action, = is defined on X so that xE^y iff there is a G G with y = a-x. 
Eg-classes are the same as G-orbits, i.e., 

[x]g = [.t]ex = {y:3geC {g-x = y)} . 

G 

A homomorphism (or G-homomorphism) of a G-space X into a G-space Y 
is any map F : X ^ Y compatible with the actions in the sense that F{g-x) = 
g-F{x) for any x G X and 3 G G. A 1 — 1 homomorphism is an embedding . An 

embedding is an isomorphism. Note that a homomorphism (X ; a) — > (Y ; h) 
is a reduction of to E^, but not conversely. 

A Polish group is a group whose underlying set is a Polish space and the 
operations are continuous; a Borel group is a group whose underlying set is a 
Borel set (in a Polish space) and the operations are Borel maps. A Borel group is 
Polishable if there is a Polish topology on the underlying set which 1) produces 
the same Borel sets as the original topology and 2) makes the group Polish. 

• If both X and G are Polish and the action continuous, then (X ; a) (and 
also X ) is called a Polish G-space. If both X and G are Borel and the 
action is a Borel map, then (X ; a) (and also X ) is called a Borel G-space. 

Example 11. (i) Any ideal C ^(N) is a group with A as the operation. 
We cannot expect this group to be Polish in the product topology inherited from 
(indeed, ^ would have to be G5). However if is a P-ideal then it is 
Polishable (see §2.c), in other words, A) is a Polish group in an appropriate 
Polish topology compatible with the Borel structure of J^. Given such a topology, 
the A-action of (a P-ideal) on ^(N) is Polish, too. 

(ii) Consider G = .^^^finCM) a countable subgroup of (,^3^(lNJ) ; A). Define an 
action of G on 2^ as follows: {w-x){n) = x{n) whenever n ^ w and {w-x){n) = 
1 — x{n) otherwise. The orbit equivalence relation Eg of this action is obviously 
Eq . Note that this action is free: x = w-x implies w = $ (the neutral element 
of G) for any x € 2^. 

Now consider any Borel pairwise Eo-inequivalent set T C 2^ . Then w-TD 
T = for any tt; 7^ by the above. It easily follows that T is meager in 2'^. 
(Otherwise T is co-meager on a basic clopen set ^^(2'^) = {x G 2^ : s C x}, 
where s G 2<'^. Put w = {n}, where n = Ihs. Then w eC maps Tn ^s'^o(2'^) 
onto rn ^sAi{2^). Thus w-TDT 7^ - contradiction.) We conclude that 
G-T = [J^^qW-T is still a meager subset of 2"^ in this case, and hence T 
cannot be a full (Borel) transversal for Eq. 

(iii) The canonical (or shift) action of a group G on a set of the form X'^ 
{X any set) is defined as follows: g-{xf}f£G = {xg-i f} for any element 
{xf}f^Q G X'^ and any 5 G G. This is easily a Polish action provided G is 
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countable, X a Polish space, and given the product topology. The equiva- 
lence relation on X"^ induced by this action is denoted by E{G,X) . □ 

The next theorem (rather difficult to be proved here) shows that the type of 
the group is the essential component in the difference between Polish and Borel 
actions: roughly, any Borel action of a Polish group G is a Polish action of G . 

Theorem 12 ([1, 5.2.1]). Suppose that G is a Polish group and (X;a) is a 
Borel C-space. Then X admits a Polish topology which 1) produces the same 
Borel sets as the original topology, and 2) makes the action to he Polish. □ 

If (X ; a) is a Borel G-space (and G is a Borel group) then Eg is easily a 
S{ ER on X. Sometimes is even Borel: for instance, when G is a countable 
group and the action is Borel, or if C = C is a Borel ideal, considered 

as a group with A as the operation, which acts on X = ^{hl) by A, so that 
^^^(N) _ jg Borel because x E^*^'^^ y iff x Ay G Several much less trivial 



Eg is Borel are described in [1, Chapter 7], for instance, if all Eg- 



Eg is Borel [1, 7.1.1]. Yet rather 



cases when 

classes are Borel sets of bounded rank then 
surprisingly equivalence classes generated by Borel actions are always Borel. 

Theorem 13 (see [26, 15.14]). // G is a Polish group and (X;a) is a Borel G- 
space then every equivalence class of E^ is Borel. 

Proof. It can be assumed, by Theorem 12, that the action is continuous. Then 
for any a; € X the stabilizer Gx = {g '■ g-x = x} is a closed subgroup of G. ^ We 
can consider Gx as continuously acting on G by g-h = gh for all g,h E G. Let 
F denote the associated orbit ER. Then every F-class [g]^ = gGx is a shift of 
Gx, hence, [g]f is closed. On the other hand, the saturation [i^jp of any open set 
^ C G is obviously open. Therefore, by Lemma 27(iv) below, F admits a Borel 
transversal S C. G. Yet g i — > g-x is a Borel 1 — 1 map of a Borel set S onto 
[x]£, hence, [x]£ is Borel by Countable-to-1 Projection. □ 

It follows that not all ERs are orbit ERs of Borel actions of Polish groups: 
indeed, take anon-Borel set X C INl'^, define xEy if either x = y or x, y £ X, 
this is a ER with a non-Borel class X . 

' Kechris [26, 9.17] gives an independent proof. Both Gx and its topological closure, say, G' 
are subgroups, moreover, G' is a closed subgroup, hence, we can assume that G' = G, in other 
words, that Gx is dense in G, and the aim is to prove that Gx = G. By a simple argument, Cx 
is either comeager or meager in G. But a comeager subgroup easily coincides with the whole 
group, hence, assume that Gx is meager (and dense) in G and draw a contradiction. 

Let {\4}neN be a basis of the topology of X, and .4,, = {g £ G :g-x G Vn}. Easily Anh = An 
for any ft £ Gx. It follows, because Gx is dense, that every An is either meager or comeager. 
Now, if 5 G G then {g} — flngjvCg) where N{g) = {n:g-x € Vn}, thus, at least one of 
sets An containing g is meager. It follows that G is meager, contradiction. 
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3.e Forcings associated with pairs of equivalence relations 

The range of applications of this comparably new topic is not yet clear, but at 
least it offers interesting technicalities. 

Definition 14 (Zapletal [47]). Suppose that E is a Borel equivalence relation 
on a Polish space X, and F <b E is another Borel equivalence relation. 

J^E/F is the collection of all Borel sets X C X such that E \ X <^ f. Clearly 
J^E/F is an ideal in the algebra of all Borel subsets of X. The associated forcing 
Pe/f consists of all Borel sets X C MX ^ J^e/f ■ ° 

For instance, the ideal -^d(2'^)/D(ih) consists of all countable Borel sets X C 
2'^, therefore Pd(2^^)/d([H) contains all uncountable Borel sets X C 2^ and is 
equal to the Sacks forcing. The ideal '-'^Eo/d(2N) consists of all Borel sets X C 2^ 
such that Eq \ X is non-smooth (since smoothness is equivalent to being 
D(2'^)). See §7.e on the associated forcing IPeo/d(2|^)- 



4 "Elementary" stuff 

This Section gathers proofs of some reducibility/irreducibility results related to 
the diagram on page 16, elementary in the sense that they do not involve any 
special concepts. Some of them are really simple, some other quite tricky. 



4. a E3 and T2: outcasts 

These equivalence relations, together with cq ~b Zq, are the only non-5]2 equiv- 
alences explicitly mentioned on the diagram. 

Lemma 15. E3 is Borel irreducible to £°°. 

Proof. Suppose towards the contrary that ^9:2'^^'^— ^IR"^ is a Borel reduction 
of E3 to ^ Since obviously i°° '-^b x £°^, Lemma 1 reduces the general 
case to the case of continuous t?. Define 0, 1 G 2"^ by 0(n) = 0, l(n) = 1, Vn. 
Define G 2'^^'^ by 0{k,n) = for all k,n, thus ((D)fe = 0, Vfc. Finally, for any 
k define G 2"^ by Zfe(n) = 1 for n < A; and Zfc(n) = for n > A;. 

We claim that there are increasing sequences of natural numbers {km} and 
{jm} such that \'&{x){jm) - (jm) I > m for any m and any x G 2'^^"^ 
satisfying 




z^.. whenever i < m and k = ki 
for all k < A^not of the form ki. 



^ Recall that, for x,y e 2^^^^. x E3 y means {x)k Eo {y)k, Vfc, where {x)k £ 2'^ is defined 
by (x)fe(n) = x{k, n) for all n while a Eo 6 means that a Ab = {m : a{m) ^ b{m)} is finite. 
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To see that this imphes contradiction define x € 2"^^"^ so that (x)^- = z^. , Vi 
and {x)k = whenever k does not have the form ki. Then obviously a; E3 (D, 
but \'&{x){jm) — ''?((D)(jm)| > for all m, hence ■!?(a;) ■!?((D) fails, as required. 

We put ko = 0. To define jo and ki, consider xq € 2'^^"^ defined by (xo)o = 
1 but (xo)fc = for all k>l. Then xq E3 fails, and hence ??(.to) "??((D) fails 
either. Take any jo with l^^la^ojOo) ~f^('D)(jo)| > 0. As is continuous, there 
is a number ki > such that |i?(a:;)(jo) - i?((D)(jo)| > holds for any x G 2^^^ 
with (x)o = z/j^ and (x)^ = for all < < A;i . 

To define ji and /c2, consider xi € 2'^^'^ defined so that (.xi)o = z^-^, 
{xi)k = whenever < k < ki, and (xi)fei = 1. Once again there is a number 
ji with |'!?(xi)(ji) — i?((D)(ji)| > 1, and a number k2 > ki such that |i?(x)(ji) — 
T9((D)(ji)| > 1 for any x G 2'^^'^ with (x)o = z^j, (x)fe^ = z^j, and (x)^ = for 
all < < fci and ki < k < k2- 

Et cetera. □ 

Lemma 16. E3 is Borel reducible to both T2 and cq . 

Proof. (1) If a G 2*^ and s € 2<'^ then define sx G 2^ by (sx)(fc) = x{k)+2s{k) 
for /c < Ihs and (sx)(/c) = x{k) for > Ihs. If m € iNi then m^x G 2'^ denotes 
the concatenation. In these terms, if x,y G 2'^^'^ then obviously 

X E3 y ^ {m^(s(x)^) : s G 2<'", m G = : s G 2<^, m G N}. 

Now any bijection 2^^^ X INI INI yields a Borel reduction of E3 to T2 . 

(2) To reduce E3 to cq consider a Borel map 
^{x){2'^{2k + l)-l) =n-^{x)n{k). □ 

Lemma 17. Any countable Borel ER is Borel reducible to T2 . 

Proof. Let E be a countable Borel ER on 2"^. It follows from Countable-to-1 
Enumeration that there is a Borel map / : 2"^ x IM — ^ 2'^ such that [oJe = {/(a, n) : 
n G N} for all a G 2*^. The map ?? sending any a G 2^ to x = ^{a) G 2^^^ 
such that (x)„ = f{a,n), Vn, is a reduction required. □ 

See further study on T2 in Section 15, where it will be shown that T2 is not 
Borel reducible to a big family of equivalence relations that includes Cq, £°°, 
El, E2, E3, Eqo- On the other hand, the equivalence relations in this list, with 
the exception of E3, Eqo, are not Borel reducible to T2 — this follows from the 
turbulence theory presented in Section 11. 



4.b Discretization and generation by ideals 

Some equivalence relations on the diagram on page 16 are explicitly generated 
by ideals, like Ej, i = 0,1,2,3. Some other ERs are defined differently. It will 
be shown below (Section 16) that any Borel ER E is Borel reducible to a ER of 
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the form Ejr, a Borel ideal. On the other hand, cq, i^, £°° turn out to be 
Borel equivalent to some meaningful Borel ideals. Moreover, these equivalence 
relations admit "discretization" by means of restriction to certain subsets of IR"^. 

Definition 18. We define X = HneN Xn = {x e : Vn (x{n) G where 
Y - {-^ J- n 

Lemma 19. cq <b cq t ^ "-i^-d IP <b -^^ t X /or any 1 < p < oo. 
On the other hand, <b i'^ \J.^ . 

Proof. We first show that cq <b cq \ [0,1]"^. Let tt be any bijection of INJ x Z 
onto INI. For x G IR'^, define '&{x) G [0,1]'^ as follows. Suppose that k = ir^n.r}) 
(ry G Z). If r/ < x{n) < r/ + 1 then let {}{x){k) = x{n). If x{n) > rj + 1 then put 
'd{x){k) = 1. If x{n) < rj then put {}{x){k) = 0. Then -i? is a Borel reduction of 
Co to Co t[0, 1]""^. Now we prove that co \ [0, 1]"^ <b co \ X. For x G [0, 1]^ define 
ip{x) e J. so that ■0(ar)(n) the largest number of the form < z < 2" smaller 
than x{n). Then obviously x cq ip{x) holds for any x G [0,1]"^, and hence is 
a Borel reduction of cq \ [0, 1]'^ to cq f X. 

Thus Co <B Co I" X, and hence in fact Co ~b Co I" X. 

The argument for £^ is pretty similar. The result for £°° is obvious: given 

X G R'^, replace any x{n) by the largest integer value < x{n) . 

The version for 1 < p < oo, needs some comments in the first part 

(reduction to [0, 1]'^ ). Note that if r/ G Z and t]-! < x{n) < t] < ( < y{n) < C+1 

1 

then the value (y(n) — x{n)Y in the distance \\y — x\\p = \y{n) — x(n)|^)p 
is replaced by (C - r/) + (r/ - x{n)Y + (y(n) - in - ■d{x)\\p. Thus if this 

happens infinitely many times then both distances are infinite, while otherwise 
this case can be neglected. Further, if — 1 < x{n) < r] < y{n) < r/ + 1 then 
{y(n)—x{n))'^ in is replaced by {7]—x{n)Y+{y{n)—'qY in \\'d{y)—^{x)\\p. 

However (r? - x{n)Y + {y{n) - r}Y < {y{n) - x{n)Y < ^^'^iiv - x{n)Y + 
(y(n) — riY), and hence these parts of the sums in \\y — x\\p and \\'&{y) — '&{x)\\p 
differ from each other by a factor between 1 and 2P~^. Finally, if r/ < x(n), 
y{n) < r/ + 1 for one and the same tj £ Z then the term (y{n) — x(n)Y in 
\\y — x\\p appears unchanged in — ^^(x)!!^. Thus totally \\y — x||p is finite 

iff sois □ 

Lemma 20 (Oliver [37]). Co IS '^B 

to the ER Zo = . 

Proof. Prove that Co <b Zo- It suffices, by Lemma 19, to define a Borel reduc- 
tion Co t X ^ Zo, i.e., a Borel map ?? : X ^ =^(INI) such that x cq y 
'&{x) Ai3{y) G 3fo for all x, y G X. Let x G X. Then, for any n, we have 

^(") ~ "^TT ^"-"^ some natural k{n) < 2". The value of k{n) determines the 
intersection ■i?(x) fl [2", 2"+^) : for each j < 2", we define 2" + j G i?(x) iff 
j < k{n). Then x{n) = — for any n, and moreover \y(n) — x{n)\ = 
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#{[ff{x) A i9(,^)J n [2 , 2 )) Bcex x,y E X n n. This easily implies that •& is 

as required. 

To prove Zq <b Cq, we have to define a Borel map : ^(INJ) such 
that X AY e 3fo <^ Co Most elementary ideas like ??(X)(n) = 

^^^n^°'"^^ work, the right way is based on the following observation: for 

any sets s, t C [0,n) to satisfy #(s A t) < A; it is necessary and sufficient that 
|#(s A 2;) — #(t A z)\ < k for any z C [0, n). To make use of this fact, let us fix 
an enumeration (with repetitions) {zj}j^]s^ of all finite subsets of INI such that 

{zj : 2" < j < 2"+^} = all subsets of [0, n) 

for every n. Define, for any X G ^(N) and < j < 2"+\ = 

Then ?? : ^(INI) ^ [0, 1]'^ is a required reduction. □ 

Recall that for any sequence of reals r„ > 0, E^^^j. is an equivalence relation 
on =^(INI) generated by the ideal -5^{r„} = {a; C INI : ^nex'^n < +00}. 

Lemma 21 (Attributed to Kechris in [13, 2.4]). // r„ > 0, — »• 0, X^„r-n = 
+CO then ^{vn} ~b In particular, E2 = ^{i/n} satisfies E2 ~b 

Proof. To prove E{^^} <b i^, define i?(x) G R"^ for any x G =^(tt^) as fol- 
lows: i9(x)(n) = Tn for any n G x, and '&{x){n) = for any other n. Then 
x A y G -5'{r„} *^=^ ^^l-^) -^^ ^^y); as required. 

To prove the other direction, it suffices to define a Borel reduction of £^ |~X 
to ^{r„}- We can associate a (generally, infinite) set Snk ^ ^ with any pair of 
n and k < 2", so that the sets Snk are pairwise disjoint and X^jg^^^. rj = 2~". 
The map '&{x) = Un Uik<2"a;(n) ^nkj x G X, is the reduction required. □ 

4.C Summables irreducible to density-0 

The <B-independence of £^ and cq, two best known "Banach" equivalence re- 
lations, is quite important. In one direction it is provided by (ii) of the next 
theorem. The other direction actually follows from Lemma 15. 

Is there any example of Borel ideals .-^ <b ^ which do not satisfy ^ <a 
^ ? Typically the reductions found to witness y <b ^ are A-homomorphisms, 
and even better maps. The following lemma proves that Borel reduction yields 
<^^-reduction in quite a representative case. Let us say that ^ <r^ ^ holds 
exponentially if there is a map i ^ Wi withessing <re^ ^ ^ and in addition 
a sequence of natural numbers ki with Wi C [ki,ki+i) and fej+i > 2ki. 

Theorem 22. Suppose that rn > 0, r„ — > 0, = +00. Then 

'' Thus we have pairwise disjoint finite non-empty sets Wfe C N (assuming , ^ are ideals 
over N ) such that A £ <^==^ wa = UfceA '^fe ^ ' ^^'^ maxwfc < minuife+i . 
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(i) (Farah [5, 2.1]) // is a Borel P-ideal and '^{r„} <b ^ then we have 

'^{r„} —RB ^ exponentially; 

(ii) (Hjorth [13]) '^{rn} *^ not Borel-reducible to S^q. 



Proof, (i) Let a Borel "9 : ,^(INJ) witness ^{r„} <b Let, according 

to Theorem 41, be a L s. c. submeasure on IM with ^ = Exh^. The construction 
makes use of stabihzers. Suppose that n E II u, v C. [0, n) then (u U X) A 
(vUX) e y{r„} for any X C [n, +oo), hence, U X) A ^{v U X) e / . It 
follows, by the choice of the submeasure that for any e > there are numbers 
n' > k > n and a set s C [n, n') such that 



holds for all u, v C. [0, n) and all generic ^ X C. [n' , oo) . 

This allows us to define an increasing sequence of natural numbers = A;o = 
Oo < 6o < ^1 < O'l <hi <k2 < ... and, for any i, a set Sj C [6j,ai+i) such that, 
for all generic X,Y C. [aj_|_i,oo) and all v C. [0, 6j), we have 

(1) v{{^{u U Sj U X) A ^{v U Si U X)) n [fcj+i, oo)) < 2'^ ; 

(2) U Sj U X) A d{u U Si U ¥)) n [0, h+i) = ; 

(3) any C INI, satisfying Z H [6i,ai+i) = Sj for infinitely many i, is generic; 

(4) ki+i > 2ki for all i ; 

and in addition, under the assumptions on {r„} , 

(5) there is a set gi C [ai^hi) such that \ri — "Ylmegi ''"I ^ 

It follows from (5) that qa = UieA 5« ^ reduction of •^{rn} to -^{r-n} t-^i 
where = Ui Let S* = IJj note that 5 n TV = 0. 

Put e(^) = ^{Z US) A i){S) for any Z C iV. Then, for any sets X, Y C iV, ^ 



above, it remains to show that ^(^a) A iva G for any A G ^(IM) . 

As ^ = Exhi/, it suffices to demonstrate that v{wi A {^{gA) H [fcj, fcj+i))) < 
2""* for all z G ^ while v{$^{gA) H [fcj, fcj+i)) < 2"* for i ^ A. After dropping the 
common term '&{S), it suffices to check that 



In the course of the proof, "generic" means Cohen-generic over a sufficiently large countable 
model of a big enough fragment of ZFC . 



U s U X) A U s U X)) n [k, oo)) < e 




why 
added?-\ 



(a) U S") A U S")) n [ki, ki+i)) < 2'^ for all z G A while 
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(b) i^imS) A i}{gA U S)) n [A:,, ki+i)) < 2-' for i A. 

Note that, as any set of the form X L) S, where 5* C A^, is generic by (3). It 
follows, by (2), that we can assume, in (a) and (b), that A C [0,i], i.e., resp. 
max A = i and max^ < i. We can finally apply (1), with u = A U \Jj^-Sj, 
X = [jj^i Sj, and u = U |Jj<i if i e A while v = Uj<i Sj ii i ^ A. 

(ii) Otherwise -5^{r„} ^rb" exponentially by (i). Let this be witnessed by 
Wi and a sequence of numbers ki, so that fej+i > 2ki and w-i C [hi, fcj+i). If 
= — > then easily [jj^Wi G by the choice of {ki}. Otherwise there 
is a set A E =^{r„} such that di > s for all z G ^ and one and the same e > 0, 
so that WA = Ui6A'"^j ^ ^Q. In both cases we have a contradiction with the 
assumption that the map Wi witnesses -5^{r-„} <rb^ ■ D 

Question 23. Farah [5] points out that Theorem 22(i) also holds for x Fin 
(instead of ■^{r-„} ) and asks for which other ideals it is true. □ 

4.d The family 

It follows from the next theorem that Borel reducibility between equivalence 
relations 1 < p < oo, is fully determined by the value of p . 

Theorem 24 (Dougherty - Hjorth [3]). // I <p < q < oo then <b -^^ ■ 

Proof. Part 1: show that ■ 

By Lemma 19, it suffices to prove that fX X^- Suppose, on the 

contrary, that ?? : X ^ X is a Borel reduction of fX to HP fX. Arguing as in 

the proof of Theorem 22, we can reduce the general case to the case when there 
exist increasing sequences of numbers = j(0) < < < • • • and = 
Oo < ai < 02 < . . . and a map r : Y ^ X, where Y = OJi^o -^3{n)-< which reduces 

i'i rY to HP rX and has the form t{x) = U„ejg tn''\ where € ]Tk=a~^ for 
any r G Xj^. (See Definition 18.) 

Case 1: there are c > and a number such that ||r,j — T^Ulp > c for all 
n > N. Since p < q, there is a non-decreasing sequence of natural numbers i„ < 
jn, n = 0,1,2, ... , such that 2p('"~^") diverges but 2'J(*"~-'") converges. 
{Hint: in ^ jn - log2 n .) 

Now consider any n > N. As ||r^ — T^||p > c and because ||...||p is a norm, 
there exists a pair of rationals u{n) < v{n) in Xj^ with v{n)—u{n) = 2*""-'" and 

llrn^^^-T^^^^llp > c2*"~-'". In addition, put u{n) = v{n) = for n< N. Then the 
.^^-distance between the infinite sequences u = {u{n)}n^M and v = {v{n)}ne]s^ is 
equal to X^^at 2"^*^*" < +oo, while the £^-distance between t{u) and t{v) is 
non-smaller than ^^jy c^* 2^'(*"~^") = oo. But this contradicts the assumption 
that T is a reduction. 

Case 2: otherwise. Then there is a strictly increasing sequence uq < ni < 
n2 < ■ ■ ■ with ||r^ — r^, L < for all k. Let now x G Y be the constant 
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while y € Y be defined by y(nfe) = 1, VA; and y{n) = for all other n. Then 
X y fails (|y(n) — x{n)\ -/->■ 0) but t(x) T(y) holds, contradiction. 
Part 2: show that F <b 

It suffices to prove that £^ \[0,1\^ <b -^^ (Lemma 19). We w.l.o.g. assume 
that q < 2p: any bigger q can be approached in several steps. For x = {x,y) G 
let = (V' + y^)!/'^. 

Lemma 25. For any ^ < a < 1 there is a continuous map '■ [0, 1] — > [0, 1]^ 
and positive real numbers m < M such that for all x < y in [0, 1] we have 
m{y - xr < \\Ka{y) - Ka{x)\\2 < M{y - x)« . 

Proof (Lemma). The construction of such a map K can be easier described in 

terms of fractal geometry rather than by an analytic expression. Let r = 4~", so 
that 3 < < I and a = — log4 r. Starting with the segment [(0, 0) , (1, 0)] of the 
horisontal axis of the cartesian plane, we replace it by four smaller segments of 
length r each (thin lines on Fig. 2, left). Each of them we replace by four segments 
of length (thin lines on Fig. 2, right). And so on, infinitely many steps. The 
resulting curve K is parametrized by giving the vertices of the polygons values 
equal to multiples of 4~", n being the number of the polygon. For instance, the 
vertices of the left polygon on Fig. 2 are given values 0, ^, ^, |, 1. 



(0,0) (1,0) (0,0) (1,0) 

Phc. 2: r = |, left: step 1, right: step 2 

Note that the curve K : [0,1] — > [0,1]^, approximated by the polygons, is 
bounded by certain triangles built on the sides of the polygons. For instance, 
the whole curve lies inside the triangle bounded by dotted lines in Fig. 2, left. 
(The dotted line that follows the basic side [(0, 0) , (1, 0)] of the triangle is drawn 
slightly below its true position.) Further, the parts < t < | and \ <t < ^ of 
the curve lie inside the triangles bounded by (slightly different) dotted lines in 
Fig. 2, right. And so on. Let us call those triangles bounding triangles. 

To prove the inequality of the lemma, consider any pair of reals x < y £ [0,1]. 
Let n be the least number such that x,y belong to non-adjacent intervals, resp., 
f*"^ and [^—^, -f], with j > i + 1. Then 4"" < |y - xl < 8-4-". 

' An J L An ' An J " — I I — 



L 4" 4^ L ' ^n 

The points K{x) and K{y) then belong to one and the same side or adjacent 
sides of the n — 1-th polygon. Let C be a common vertice of these sides. It is 
quite clear geometrically that the euclidean distances from K{x) and K{y) to 
C do not exceed r""^ (the length of the side), thus \\K{x) — K{y)\\2 < 2r'^~^. 
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Estimation from below needs more work. The points K{x), K{y) belong 
to the bounding triangles built on the segments, resp., [K(^) , K{-^)\ and 
[K{^^) , K{^)], and obviously z + 1 < j < i + 8, so that there exist at most 
six bounding triangles between these two. Note that adjacent bounding triangles 
meet each other at only two possible angles (that depend on r but not on n), 
and taking it as geometrically evident that non-adjacent bounding triangles are 
disjoint, we conclude that there is a constant c > (that depends on r but not 
on n) such that the distance between two non-adjacent bounding triangles of 
rank n, having at most 6 bounding triangles of rank n between them, does not 
exceed c-r". In particular, ||i^(x) — i^(y)||2 > c-r". Combining this with the 
inequalities above, we conclude that m(y — x)" < ||-ftr(2/) — K{x)\\2 < M(y — 
where m = ^ and M = ^ (and a = — log4r). □ (Lemma) 

Coming back to the theorem, let a = p/q, and let be as in the lemma. 
Let X = {xo,xi,X2,...) G [0,1]*^. Then Ka{x^) = {x[,x'l) G [0,1]^ We put 
§[x) = (a;^,x'o',x;,x'/,4,4',...). Prove that ^ reduces to i'^ . 

Let x = {xjjigN and y = {yi}i^^ belong to [0, 1]'^; we have to prove that 
X IP y iff 'Q{x) '!?(y)- To simplify the picture note the following: 

2~'''/^||u;||2 < max!?/;', u;"} < \w\q < \\w\\i < 2\\w\\2 

for any w = {w', w") G R^. The task takes the following form: 

^{xi - ViT < oo ^ \\Kaixi) - Ka{yi)\\2'^ < oo . 

i i 

Furthermore, by the choice of Ka, this converts to 

^{xi - ViT < oo <^ ^{xi - ViT" < oo , 

i i 

which holds because aq = p. □ {Theorem 24) 

4.e £°° : maximal Ko^ 

Recall that Kp- denotes the class of all a-compact sets in Polish spaces. Easy 
computations show that this class contains, among others, the equivalence rela- 
tions El, E(x,, -^^j 1 < p < oo, considered as sets of pairs in corresponding Polish 
spaces. Note that if E a Kq- equivalence on a Polish space X then X is Kq- 
as well since projections of compact sets are compact. Thus Kg- ERs on Polish 
spaces is one and the same as I]^ on Key Polish spaces. 

Theorem 26. Any Key equivalence relation on a Polish space, in particular, 
El, E(X), £P, is Borel reducible to £°°. ^ 

" The result for F is due to Su Gao [11]. He defines dp{x, s) = (EfctT^ \^{k) - s{k)\P)p for 
any a; G R"^ and s G Q^" (a finite sequence of rationals). Easily the f^-distance (X^^o \'-i:{k) — 

between any pair of x, y G R'^ is finite iff there is a constant C such that \dp{x,s) — 
dp{y,s)\ < C for all s € . This yields a reduction required. 
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Proof (from Rosendal [38]). Let A be the set of all C-increasing sequences 
A = {An}neM of subsets of INJ — a closed subset of the Polish space ^(hl)^. 
Define an ER H on A by 

{An}H{Bn} iff 3Nym{A^CBN+m/\B^CAN+m)- 

Claim i: H <B This is easy. Given a sequence A = {A„}„g|^, define 
-diA) G INJ^''^ by 'd{A){n,k) to be the least j < k such that n e Aj, or 
'&{A){n,k) = k whenever n ^ Ak- Then {An} H {Bn} iff there is such that 
mA){n,k) -■d{B){n,k)\ < N for all n, k. 

Claim 2: any Kq- equivalence E on a Polish space X is Borel reducible to H. 
As a K(j set, E has the form E = Un-^"' where each is a compact subset 
of X X X (not necessarily an ER) and C En^\. We can w. J. o.g. assume that 
each En is reflexive and symmetric on its domain D„ = dom£^„ = raii£'„ (a 
compact set), in particular, x G -D„ =^ {x-ix) G E^- Define Pq = -^o and 

Pn+i = Pn U En+i U Pn\ where pP ={(x,y):3^((x,z) GPnA(z,y) GP„)}, 

by induction. Thus all P„ are still compact subsets of X x X, moreover, of E 
since E is an equivalence relation, and En QPnQ Pn+i-, therefore E = Un-^n- 

Let {Uk :k E INI} be a basis for the topology of X. Put, for any a; G X, 
'^nix) = {k : Uk n Rn{x) 7^ 0}, where Rnix) = {y : {x,y) G Rn}- Then obviously 
i^nix) C i?„+i(x), and hence 'i}{x) = {i9„(x)}„gN G A. Then •& reduces E to H. 

Indeed if xEy then {y,x) G Pn for some n, and for all m and z G X we have 

(x, z) G i?rri ^ {Ut^} ^ -^l+max{m,n} • Other WOrds, Rm{x^ C i?i-)-max{m,n} (y) 

and hence 'i?m(3;) C ■!?i+max{m,n} (y) hold for all m. Similarly, for some n' we 
have -dmiy) C T9i+max{m,n'}(2/), Vm. Thus T?(a;) H i?(y). 

Conversely, suppose that 'd{x) H i?(y), thus, for some A'', we have Rm{x) C 
P-N+miy) and Rm{y) C Rf^^^[x) for all m and y. Taking m big enough for 
Pyn to contain {x,x), we obtain x G RN+miv), so that immediately xEy. □ 
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5 Smooth ERs and the first dichotomy 

This Section is mainly related to the node c = 0(2"^) in the diagram on page 16. 
After a few rather simple results on smooth ERs which admit a Borel transversal, 
we show that countable, and sometimes even continual unions of smooth ERs < — 



5. a Smooth and below 

An important subspecies of smooth ERs consists of those having a Borel transver- 
sal: a set with exactly one element in every equivalence class. 

Lemma 27. (i) Any Borel ER that has a Borel transversal is smooth; 

(ii) any Borel finite (with finite classes) ER admits a Borel transversal; 

(iii) any Borel countable smooth ER admits a Borel transversal; 

(iv) any Borel ER E on a Polish space X, such that every E-class is closed 
and the saturation [^]e of every open set ^ C X «s Borel, admits a Borel 
transversal, hence, is smooth. 

(v) Eq is not smooth. 

Proof, (i) Let T be a Borel transversal for E. The map = "the only element 
of T E-equivalent to .x" reduces E to D(T). 

(ii) Consider the set of the <-least elements of E-classes, where < is a fixed 
Borel linear order on the domain of E. 

(iii) Use Countable-to-1 Uniformization. 

(iv) Since any uncountable Polish space is a continuous image of N'^, we can 
assume that E is a ER on INJ^. Then, for any x G INJ^, [x]e is a closed subset 
of , naturally identified with a tree, say, Tx C INJ^'^. Let -d^x) denote the 
leftmost branch of T-^. Then x E '&{x) and xEy =^ '&{x) = 'd{y), so that it 
remains to show that Z = {i?(x) : x G INl"^} is Borel. Note that 

zeZ <^ Vm Vs, te^"^ {s <iex tNz^Gt =^ \z\e n = 0), 

where <iex is the lexicographical order on INJ™ and Gg = {x ^ (Nl"^ : s C x}. 
However [x]e n = iff x [i^ije and {Gt\E is Borel for any t. 

(v) Otherwise Eq has a Borel transversal T by (iii), which is a contradiction, 

see Example ll(ii)- □ 

Srivastava [44] proved the result for ERs with Gs classes, which is the best possible as Eo 
is a Borel ER, whose classes are and saturations of open sets are even open, but without 
any Borel transversal. See also [26, 18.20 iv)]. 

To see that a smooth ER does not necessarily have a Borel transversal take a closed set 
P C Ihj'^ X 11^'^ with domP = Ihj'^, not uniformizable by a Borel set, and let (a;, J/) E {x ,y') iff 
both {x,y) and {x' ,y') belong to P and x = x' . 



are smooth. In the end, we prove the 1st dichotomy theorem. 
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5.b Assembling smooth equivalence relations 

If E and F are smooth ERs on disjoint sets, resp., X and Y, then easily EuF is 
a smooth ER on X UY. The question becomes less clear when we have a Borel 
ER E on a Polish space X UY such that both E \ X and E \ Y are smooth but 
the sets X,Y not necessarily E-invariant in XUY if even disjoint; is E smooth? 
We answer this in the positive, even in the case of countable unions. 

Theorem 28. Let E be a Borel ER on a Borel set X = [jf.Xk, with all X^ 
also Borel. Suppose that each E |" X^ is smooth. Then E is smooth. 

Proof. First consider the case of a union X = YUZ of just two Borel sets, so 
that a Borel ER E is smooth on both Y and Z. We can assume that 1" flZ = 0. 
Let the smoothness be witnessed by Borel reductions f : Y Q and g : Z ^ R, 
with Q, R being disjoint Borel sets. The set 

F = {{q,r):3yeY3zeZ {f{y) = qA g{z) =rAyEz)}CQxR 

is a partial 5]J map Q ^ R. Let G : Q — > i? be any Borel map with F C G, 
and H : R^ Q he any Borel map with F~^ C H. Then $ = GnH~^ is a 1 - 1 
Borel partial map P ^ Q with F C ^. Now the Xlj set 

P = {{q, r) e^:yyeY\fzeZ {f{y) =qA g{z) = r ^ y E z)} , 

satisfies F C P C $, hence, there is a Borel function ^ with F C Q P. The 
sets A = dom^' and B = ran^* are Borel subsets of resp. Q,R, and it follows 
from the construction that ^' fl (domi^" x ranF) = F. Finally, put 

D = * U {{q, q):qeQ-.A}U {{r, r) : r G i? \ 5} , 

then, for any y € Y there is unique h{y) = {q,r) G D with q = f{y), corre- 
spondingly, for any z G Z there is unique h{z) = {q,r) € D with r = g{z), and 
if y E z then h{y) = h{z) = {f{y),g{z)), hence, h witnesses that E is smooth. 

As for the general case, we can now assume that Xk C X^+i for all k. Then 
there are disjoint Borel sets and Borel maps : Xi~ which witness 

that E \ Xh are smooth ERs. Let Rh = ran/^ (a set) and 

Fk = {{a,b) £ RkX Rk+i : 3x G Xfc (/^(x) = a A = b)} , 

this is a T,\ set and a 1 — 1 map Rt — > Rk+i- For each k there is a Borel 1 — 1 

map Gfe with F^ Q 0^. Let A^ = domGfe and ranG^ = : these are Borel 

sets with Rk Q A^. We can assume that B^ C A^^i. (Otherwise Gk can be < — 
nuzhno U 

The shortest proof is to note that otherwise Eo <b E by the 2-nd dichotomy, easily leading eto 

to contradiction by a Baire category argument. Yet we prefer to give a direct proof. Note that assumeH 

even in the case when the sets Xk are pairwise disjoint, most obvious ideas like "to define '&{x) 

take the least k such that Xk intersects [x]e and apply ■ffk" do not work. 
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reduced in a certain iterative manner to achieve this property.) Then, for any k 
and b G Ak there is the least n = n{h) < k such that the application 

h{b) = G-\G-l,iG-l,{...G-\{b)...))) 

is possible, for instance, n{b) = k and h{b) = b whenever 6 G \ Then, 
h{fk{x)) = h{fk+i{x)) holds for any x G Xk because F/,. C Gk, so that the map 
g{x) = h{fk{x)) for x G \ Xi^_i witnesses the smoothness of E. □ 

5.C The 1st dichotomy theorem. 

The following result is known as the 1st dichotomy theorem. 

Theorem 29 (Silver [40]). Any Il\ ER E on hl^ either has at most countably 
many equivalence classes or admits a perfect set of pair-wise E-inequivalent reals, 
in other words, either E <b D(INI) or D(2'^) <b E. 

Proof. As usual, we can suppose that E is a lightface iTj relation. 

Case 1: any x G iNi'^ belongs to a A\ E-equivalent set X (i.e., all elements 
of X are E-equivalent to each other, in other words, the saturation [X]^ is an 
equivalence class). Then E has at most countably many equivalence classes. 

Case 2: otherwise. Then the set H of all x, which do not belong to a A\ 
pairwise E-equivalent set {the domain of nontriviality), is non-empty. 

Claim 29.1. H is Ul- Any Ul set % ^ X (Z H is not pairwise E-equivalent. 

Proof. X G iff for any e G IM : if e codes a A\ set, say, Wg C IM"^ and 
x G We then is not E-equivalent. The "if part of this characterization is n\ 
while the "then" part is Z'J, by A\ Enumeration (see §A.c). 

If X 7^ is a pairwise E-equivalent E\ set then B = PIxgxNe is a n\ E- 
equivalence class and X C B. By Separation, there is a A\ set C with X C 
C C. B. Then, ii X C H then C C H is a A\ pairwise E-equivalent set, a 
contradiction to the definition oi H . □ [Claim) 

Let us fix a countable transitive model 9Jt of a big enought fragment of 
ZFC, and an elementary submodel of the universe w. r. t. all analytic formulas 
Consider P = {X C :X is non-empty and Ul} forcing to extend 971 
(smaller sets are stronger conditions), the Gandy - Harrington forcing. We have 
P ^ and ^ 971, of course, but clearly P can be adequately coded in 93t, say, via 
a universal 17 J- set. 

Wc present a forcing proof of Miller [36], with some simplifications. See [32] for another 
proof, based on the Gandy - Harrington topology. In fact both proofs involve essentially the 
same combinatorics. 

For instance, 9Jl models ZC and, in addition, Replacement for Sioo G-formulas and the 
first one million of instances of Replacement overall. Being an elementary submodel is useful 
to guarantee that relations like the inclusion orders of Cx and Ce are absolute for 371 . 
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Corollary 29.2 (from Theorem 85). If G C P is a P-generic, over 9Jl, set, 
then Pi G contains a single real, denoted xq ■ Q 

Reals of the form xg, G as in the Corollary, are called V-generic (over 9Jt). 
Let X be the name for xq. Then any A^P forces that x ^ A. 

Let consist of all "rectangles" X x y, with X, y G P. It follows from 
the above by the product forcing lemmas that any P^-generic, over set G C 
P^ produces a pair of reals (a V^-generic pair), say, a;^^^ and x^^g^^, so that 
(^Sf 1 1 ^?ight ) ^ ^ fo'^ W £ G. Let xisft and Xright be their names. 

Lemma 29.3. H x H P'^ -forces xi^tt f- .Tj-ight • 

Proof. Otherwise a "condition" X x F e P^ with X U y C P^-forces Xief t E 
^^right, SO that any P^-generic pair G X x y satisfies xEy. By the product 

forcing lemmas for any pair of P-generic x', x" G X there is y G y such that 
both {x,y) and {x' ,y) are P^-generic pairs, hence, we have 

(*) If x', x" G X are P-generic over 9Jt then x' Ex" . 

The set P2 of all non-empty Ul subsets of INl"^ x INl''^ is just a copy of P (not 
of P^!) as a forcing, in particular, if G C P2 is P2-generic over VJl then there is 
a unique pair of reals ( P 2- generic pair) (x^^^, x^^g^^) which belongs to every W 
in G, and in this case, both xf^^^ and x^^gj^^ are P-generic, because if G C P2 is 
P2-generic then the sets G' and G" of all projections of sets G G to resp. 1st 
and 2nd co-ordinate, are easily P-generic. Now let G C P2 be a P2-generic set, 
over M, containing the set P = X^x E. (Note that P 7^ by Lemma 29.1.) 
Then {x^^f^, x^^^-^^) G P hence, .x^^^ ^x^^g^^, however, as we observed, both 
^left ^Tight are P-generic elements of X (because P C X x X), which 
contradicts (*) . □ {Lemma 29.3) 

Fix enumerations {^(n)}nGN and {^^(n)}ngiM of all dense subsets of resp. 
P and P^ which are coded in 93t. Then there is a system {Xu}ug2<'^ of sets X^, 
satisfying 

(i) Xu G P, moreover, Xa C H and X„ G ^{n) whenever u G 2"; 

(ii) X„Aj C X„ for all u G 2<'^ and z = 0, 1 ; 

(iii) if u 7^ u G 2" then X„ X X„ G ^^{n) . 

It follows from (i) that, for any a G 2"^, the set {Xa\m''m £ ^} is P-generic 
over VJl, hence, f]^Xaim is a singleton, say, Xa, by Corollary 29.2. Moreover 
the map a 1-^ Xa is continuous as diameters of X^ converge to uniformly with 
Ihu ^ 0, by (i). In addition, by (iii) and Lemma 29.3, Xa ^x^ whenever a ^ b, 
in particular, Xa 7^ xi,, hence, we have a perfect E-inequivalent set Y = {xa '■ 
aG2^}. 

□ {Theorem 29) 
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6 Hyperfinite and countable ERs 

This Section is mainly devoted to the node Eg in the diagram on page 16. Togeth- 
er with the 2nd dichotomy theorem, we present some other properties of Eq, the 
ideal Fin, and hyperfinite (Borel) equivalence relations. This class of equivalence 
relations is a very interesting object of study even aside of pure descriptive set 
theory. Papers [2, 19] give a comprehensive account of most basic results, with 
further references. 

After a rather simple theorem which shows that Fin is the least ideal in the 
sense of , <rb, <B) we prove the "Glimm-Effros", or second, dichotomy 
which asserts that Eq = Epirt is the <B-least among all non-smooth Borel ERs. 
Finally, we present a characterization, in terms of the existence of transversals, 

of those Borel sets X for which Eq f X is smooth. < — 

where is 

this?-\ 

6. a Fin is the least ! 

The proof of the following useful result is based on a short argument involved in 
many other results. A somewhat more pedestrian version of the argument was 
used in several proofs in Section 4. 

Theorem 30. (i) [20, 34, 45] If y is a (nontrivial) ideal on IM, with the 
Baire property in the topology of =^(INI), then Fin and <rb ^ ', 

(ii) however D(2'^) <b Eq strictly, thus 0(2"^) is not ^^-equivalent to an 
equivalence relation of the form Ej? ; 

(iii) if .y <jJ^B ^ are Borel ideals, and there is an infinite set Z C dom^ 
such that J \ Z = ^tmiZ), then ^ <rb / ■ 

Proof, (i) First of all ,f must be meager in ^(INJ). (Otherwise ^ would be 
comeager somewhere, easily leading to contradiction.) Thus, all X C INJ "generic" 
(over a certain countable family of dense open subsets of ^(INI)) do not belong to 
y . Now it suffices to define non-empty finite sets C INI with maxw;,; < min Wj+i 
such that any union of infinitely many of them is "generic". Clearly the following 
observation yields the result: if D is an open dense subset of and n G IM 

then there is m > tt, and a set u C [n, m] with m, n E u such that any x G ^(INI) 
satisfying x H [n, m] = u belongs to D . 

Thus we have Fin <'^^ y. To derive Fin <rb ^ cover each by a finite 
set Uk such that UiteN ^fe = and still Uk^ui = $ for k ^ I . 

(ii) That 0(2"^) <b Eq is witnessed by any perfect set X C 2^ which is a 
partial transversal for Eq (i.e., any x ^ y in X are Eo-inequivalent). On the 
other hand, D(2'^) is smooth but Eq is non-smooth by Lemma 27(v). 

(iii) Assume w.l.o.g. that ^ ■, ^ are ideals over IM. Let pairwise disjoint 
finite sets 1/;^ C IM witness <^b Put Z' = \^^Z^ X = Ufcez^fc) ^.nd 
Y = UfeeZ''"^fc- The reduction via {wk} reduces ^t±ii{Z) to ^ \ X and \ Z' 
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to ^ I" y. Keeping the latter, replace the former by a <RB-hke reduction of 
^fin(-z) to J" \Y', where 1"' = N \ F, which exists by Theorem 30. □ 

Despite of Theorem 30, Eq = Eptri is not the <B-least among Borel ERs. 
Thus, 0(2'^) is not a ER generated by a Borel ideal, even modulo ~b ■ 

6.b Countable equivalence relations 

This class of equivalence relations, essentially bigger than hyperfinite (modulo 
<b), is a subject of ongoing intence study. Yet we can only present here the 
following important theorem and a few more results below, leaving [19, 10, 30] 
as basic references in this domain. 

Theorem 31 ([8, Thm 1], [2, 1.8]). Any Borel countable ER E on a Polish 
space X : 

(i) is induced by a Polish action of a countable group G on X ; 

(ii) satisfies E <b Eoq = E(F2,2), where F2 is the free group with two genera- 
tors and E(i^2)2) is the ER induced by the shift action of F2 on 2^^. 

Proof, (i) We w.l.o.g. assume that X = 2'^. According to Countable-to-1 Enu- 
meration (in a relativized version, if necessary, see Remark 82), there is a sequence 
of Borel maps /„ : 2^ ^ 2^ such that [a]E = {/n(a) : n G INJ} for each a € 2^. 
Put = {{ajn{a)) : a G (the graph of /„) and r„ = T^ \ \Jk<nK- The 
sets Pnk = r„ n Tfe"-^ form a partition of (the graph of) E onto countably many 
Borel injective sets. Further define A = {{a, a) : a G 2^} and let {^^mlmeN be 
an enumeration of all non-empty sets of the form P^k \ A. Intersecting the sets 
Dm with the rectangles of the form 

Rs = {{a,b) e2^ x2^ is^OCaAs^lCb} and Rs~^, 

we reduce the general case to the case when domDm n ran Dm = 0, Vm. 

Now, for any m define hm{a) = h whenever either (a, 6) G D^ or {a,,h) G 
D-mT^ 1 or a = b ^ domZ)^ UranD^. Clearly hm is a Borel bijection 2'^ 2'^. 
Thus {hm}meM is a family of Borel automorphisms of 2"^ such that [aje = 
{hmia) : m G INI}. It does not take much effort to expand this system to a Borel 
action of F^., the free group with generators, on 2"^, whose induced equiva- 
lence relation is E . 

(ii) First of all, by (i), E <b R, where R is induced by a Borel action ■ of 
Fi^ on 2^. The map ■!?(a) = {g~^ -ayg^Pu,: o, G 2'^, is a Borel reduction of R to 
E{Fu},2^). If now Fuj is a subgroup of a countable group H then E{Fu),2^) <b 
E{H, 2^) by means of the map sending any {oglpeFw to {bh}heH, where bg = Ug 
for g G F^ and bh equal to any fixed 6' G 2"^ for h E: H \ F^. As F^ admits a 
homomorphism into F2 we conclude that E <b E(F2, 2*^). 

" Why ?. 
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It remains to transform E(F2,2^) to E(F2,2). The inequality £(^2,2^) <b 
E(i^2,2^'"W) is clear. Further £(^2,2^-"™) <b E(i^2 x Z,3), by means of the 
map sending any {agjg^Fi i^g G 2^^W) to {bgj}g^F2, jez, where bgj = ag{j) 
for j and bgo = 2. Further, for any G, E(G, 3) <b E(G x Z2,2) by means 
of the map sending any {agjg^o {ag = 0, 1,2) to {bgi}geG,ieT2, where 




0, if dg = or dg = 1 and i = 0, 

1, if fig = 2 or chg = 1 and i = 1. 



Thus E(F2, 2^) <B E(F2 x Z x Z2, 2). However, F2 x Z x Z2 admits a homomor- 
phism into F^, and then into F2 (see above), so that E(F2,2^) <b E(i^2)2), as 
required. □ 



6.C Hyperfinite equivalence relations 

All Borel finite ERs are smooth (see §5.a), accordingly, all hyperfinite ERs are 
hypersmooth. On the other hand, any finite or hyperfinite equivalence relation 
is countable, of course. It follows from the next theorem that, conversely, every 
hypersmooth countable ER is hyperfinite. (But there exist countable non-hyper- 
smooth ERs, for instance, Eqo, which are not hyperfinite.) 

The theorem also shows that Eq is a universal hyperfinite ER. (To see that 
Eq is hyperfinite, let xfnU iff x Ay Q [0,n) for y C INJ.) 

Theorem 32 (Theorems 5.1 and, partially, 7.1 in [2] and 12.1(ii) in [19]). The 
following are equivalent for a Borel ER E on a Polish space X : 

(i) E <B Eq and E is countable; 

(ii) E is hyperfinite; 

(iii) E is hypersmooth and countable; 

(iv) there is a Borel set X C ^(JsJ)»^ such that Ei \X is a countable ER and 
E is isomorphic, via a Borel bijection of X onto X, to Ei \ X ; 

(v) E is induced by a Borel action of Z, the additive group of the integers. 

(vi) there exists a pair of Borel ERs F, R of type 2 such that E = F V R. 

Proof, (ii) => (iii) and (i) =^ (iii) are rather easy. 

(iii) =^ (iv). Let E = Ufi be a countable and hypersmooth ER on a 
space X, all F„ being smooth (and countable), and F„ C F„+i, Vn. We may 
assume that X = ^(INJ) and Fq = D(^(lNJ)). Let C X be a Borel transversal 
for F„ (recall Lemma 27(iii)). Now let "^nix) be the only element of r„ with 

An equivalence relation F is of type n if any F-class contains at most n elements. F V R 
denotes the least ER which includes FUR. 
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V F„ i}n{x). Then x ^ {??„(x)}„eN is a 1 - 1 Borel map X and 
X Ey <^=^ 't}{x) El Take X to be the image of X . 

(iv) (v). Let X be as indicated. For any INI-sequence x and n G INI, let 
X \>n = X \ {n, oo). It follows from (the relativized version of) Countable-to-1 Pro- 
jection and Countable-to-1 Enumeration that for any n the set X = {x : 
X € X} is Borel and there is a countable family of Borel functions g"^ : X |~>„ — > 
X, i E hi, such that the set X^ = {x e X : x t>„ = ^} is equal to {gf{0 'i ^ ^} 
for any ^ e X [■>„, hence, {5"(0(^) - ^ ^ ^} = {x{n) : x G X^}. 

For any x G =^(INJ)'^ let ip{x) = {^n{x)}n&\t4, where ipn{x) is the least 
number i such that x{n) = /"(x)(n); thus, ip{x) G IM'^. Let ^{x) be the sequence 

^o{x), (foix), ipi{x) + 1, (p[{x) + l,...,(pn{x) +n, (p'„{x) +n,..., 

where <Pnix) = maxk<n'Pk{x). Easily ii x y E X satisfy x Ei y, i.e., x |~>„ = 
y \>n for some n, then ip{x) t>„ = (^(y) t>„ but (p{x) 7^ (/p(y), /x(a;) ^ ^{y), and 
/"(a^) r>m = /"(?/) I'>m for some m>n. 

Let <aiex be the anti-lexicographical partial order on , i.e., a <aiex b iff 
there is n such that a \>n = b t>n and a(n) < 6(77,). For x, y G X define x <o y 
iff /Lt(x) <aiex fJ'iu) ■ It follows from the above that <o linearly orders every Ei- 
class [x]ei r\ X of X E X. Moreover, it follows from the definition of /7,(,t) that 
any <aiex-iiiterval between some /Li(x) <aiex A*(y) contains only finitely many 
elements of the form fj,{z). (For ip this would not be true.) We conclude that 
any class [xJej CiX, x & X, is linearly ordered by <o similarly to a subset of Z, 
the integers. That <o can be converted to a required Borel action of Z on X is 
rather easy (however the Ei -classes in X ordered similarly to IM, the inverse of 
INI, or finite, should be treated separately). 

(v) (ii). Assume w.l.o.g. that X = 2'^. An increasing sequence of ERs 
fn whose union is E is defined separately on each E-class C; they "integrate" into 
Borel ERs F„ defined on the whole of 2'^ because the action allows to replace 
quantifiers over a E-class C by quantifiers over Z. 

Let C be any E-class of x G X. Note that if an element xc & C can be 
chosen in some Borel-definable way then we can define x F„ y iff there exist 
integers j, G Z with \j\ < n, \k\ < n, and x = j-xc, y = k-xc- This applies, 
for instance, when C is finite, thus, we can assume that C is infinite. Let <iex 
be the lexicographical ordering of 2'^, and <act be the partial order induced by 
the action, i.e., x <act 2/ iff 2/ = j'X, j > 0. By the same reason we can assume 
that neither of a = inf <^^^ C and 6 = sup<^^^ C belongs to C. Let Cn be the 
set of all x G C with x\n a\n and x \ n b \ n. Define xFnV iff x, y belong 
to one and the same <iex-interval in C lying entirely within Cn, or just x = y. 
In our assumptions, any F„ has finite classes, and for any two x, y & C there is 
n with X F„ y . 

(v) (i). This is more complicated. A preliminary step is to show that E <b 
E(Z,2''^), where E(Z,2''^) is the orbit equivalence induced by the shift action of 
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Z on (2"^)^: k-{xj}j,=z = {xj-k}j€Z for k £ Z. Assuming w.l.o.g. that E is a 
ER on 2*^, we obtain a Borel reduction of E to E(Z,2^) by = {j-x}jez, 
where ■ is a Borel action of Z on 2"^ which induces E. Then Theorem 7.1 in [2] 
proves that E(Z, 2"^) <b Eq . 

(vi) ^> (v). Let E = F V R, where F, R are of type 2. For any a; G X (the < — 
domain of E), if [xJf contains anotlier element y ^ x then call y the left, resp., 
right neighbour oi x \i y < x, resp., y > x, where < is a fixed Borel linear 
ordering of X. If the class [a;]R also contains another element, say, z, call it the 
neighbour of x of the opposite side w.r.t. y. The neighbour relation linearly 
orders any E-class similarly to a subset of Z, which easily leads to (v). 

(v) => (vi). The authors of [19] present a short proof which refers to several 
difficult theorems on hyperfinite ERs. Here we give an elementary proof. 

Let E be induced by a Borel action of Z. We are going to define F and R 
on any E-class C = [x]^. If we can choose an element xc € C in some uniform 
Borel-definable way then a rather easy construction is possible, which we leave 
to the reader. This applies, for instance, when C is finite, hence, let us assume 
that C is infinite. Let <act be the linear order on C, induced by the action of 
Z; it is similar to Z. Let <iex be the lexicographical ordering of 2'^ = domE. 

Our goal is to define F on C so that every F-class contains exactly two 
(distinct) elements. The ensuing definition of R is then rather simple. (First, 
order pairs {x,y} of elements of C in accordance with the < act -lexicographical 
ordering of pairs (niax<^^^{x,y},inin<^_,^{x,y}), this is still similar to Z. Now, if 
{x,y} and {x',y'} are two F-classes, the latter being the next to the former in 
the sense just defined, and x <act y, x' <act y' , then define yRx'.) 

Suppose that W C C. An element z € W iz Imin (locally minimal) in W if 
it is <iex-smaller than both of its <act-iieighbours in W. Put Wimin = {z : 
z is Imin in W}. If Cimin is not unbounded in C in both directions then an 
appropriate choice of xc € C is possible. (Take the <act-least or <act-largest 
point in Cimin) or if Cimin = 0, so that, for instance, <act and <iex coincide on 
C, we can choose something like a <iex-niiddest element of C.) Thus, we can 
assume that Cimin is unbounded in C in both directions. 

Let a Imin- interval be any <act-semi-interval [x,x') between two consecutive 
elements x <act x' of Cimin. Let [x,x') = {xq,xi, ...,x„i-i} be the enumeration 
in the <act-iiicreasing order {xq = x). Define X2k ^ X2k+i whenever 2fc + 1 < m. 
If m is odd then Xm-i remains unmatched. Let be the set of all unmatched 
elements. Now, the nontrivial case is when is unbounded in C in both direc- 
tions. We define Cl^-^^, as above, and repeat the same construction, extending F 
to a part of C^, with, perhaps, a remainder C where F remains indefined. 
Et cetera. 

Thus, we define a decreasing sequence C = ^ ^ C"^ ^ . . . of subsets 
of C, and the equivalence relation F on each difference C" \ (7""'"^ whose classes 
contain exactly two points each, and the nontrivial case is when every is <act- 
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unbounded in C in both directions. (Otherwise there is an appropriate choice 
of G C. ) If C°° = Hn^" ~ ^ then F is defined on C and we are done. If 
C°° = {x} is a singleton then xq = x chooses an element in C. Finally, C°° 
cannot contain two different elements as otherwise one of C" would contain two 
<act-neighbours x <act V which survive in (7"+^, which is easily impossible. □ 

6.d Non-hyperfinite countable equivalence relations 

It follows from Theorem 32(i),(ii) that hyperfinite equivalence relations form an 
initial segment, in the sense of <b, among all countable equivalence relations. 
Let us show that not all countable equivalence relations are hyperfinite. 

Theorem 33. The equivalence relation is not hyperfinite. 

Proof. A clean elementary proof is given in [41]. □ 

6.6 Assembling hyperfinite equivalence relations 

The following theorem shows that, similarly to the case of smooths ERs (Thm 28), 
hyperfinite ones possess a certain form of countable additivity. 

Theorem 34. Let E he a Borel ER on a Borel set X = [Jj.Xfc, with all 
also Borel. Suppose that E |" X^ <b Eq for each k. Then E <b Eq . 

Proof. We consider only the case when Xk C X^+i for all k (the result will 
be used below only for this particular case), the general case needs to consider 
separately the two-sets case, as in Theorem 28, which we leave to the reader. 

There are disjoint Borel sets C ^(INI) and Borel maps fk : X]^ — > B^ 
which witness that E |" Xk <b Eq. We shall assume that the sets B^ are Eq- 
incompatible in the sense that if k ^ n then a Eq & does not hold for any a & B^ 
and b G B^- Let Rk = ran/^ (a Yll subset of Bk ). Then 

Fk = {{a, b) eRkX Rk+i -.^xeXk {fk{x) = a A fk+i{x) = b)} , 

is a 5]^ set, 1 — 1 modulo Eq in the sense that if (a, 6) and {a',b') belong to 
Fk then a Eq a' b Eq b' . As "to be 1 — 1 modulo Eq" is a i7| property in 
the codes (of subsets of J^(lNJ)^), there is, by Reflection, a A\ set Fj^ with 
Fk ^ F'k Q Bk >^ Bk+i and still 1 — 1 modulo Eq. The following A\ set 

Gk = {{a', b') : 3 (a, 6) G F^. (a Eq a' A 6 Eq b')} 

is still 1 — 1 modulo Eq, hence, both "vertical" and "horisontal" cross-sections of 
Gk are countable, thus, Ak = domGfc and Bj. = ranG^ are Eo-invariant Borel 
sets (and Rk = domF^ C ^4^), and there are Borel maps hk ■ Bk ^ Ak such 
that {hk{b),b) G Gk whenever b G Bk- It follows still from the "1 — 1 modulo 
Eq" property that if b E Bk and b' Eq b then b' G Bk and hk{b) Eq hk{b') . 
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We can assume that Bk+i C Ak for all k. Then, for any k and b & Ak there 
is the least n = n{b) < k such that the application 

h{b) = hn{hn+i{hn+2{-hk-i{b)...))) 

is possible, for instance, n(b) = k and h{b) = b whenever 6 G \ -Bjk_i. As in 
the proof of Theorem 28, the map g{x) = h{fk{x)) for x G X/. \ ^jfc-i witnesses 
E<bEo. □ 

7 The 2nd dichotomy 

The following result is known as 2nd, or "Glimm-Effros", dichotomy. 

Theorem 35 (Harrington, Kechris, Louveau [12]). If E is a Borel ER then 
either E is smooth or Eg E . 

7. a The Gandy — Harrington closure 

Beginning the proof of Theorem 35 (it will be completed in §7.d), we suppose, 
as usual, that E is a lightface A\ ER on IhJ'^. Consider an auxiliary ER x E y 
iff X, y G INl"^ belong to the same E-invariant A\ sets. (A set X is E-invariant 
iff X = [-^]e-) Easily E C E. To see that E is the closure of E in the Gandy - 
Harrington topology, prove 

Lemma 35.2. If F is a El ER on N^, and X,Y CU^ are disjoint F-invar- 
iant Sl sets, then there is an E-invariant A\ set X' separating X from Y. 

Proof. By Separation, for any E\ set A with A^^Y = $ there is a A\ set A' 
with A<Z A' and A' n F = — note that then [A']^ n F = because Y is F- 
invariant. It follows that that there is a sequence = ^ ^ ^ ^'i ^ •■•) 
where A'^ are A\ sets, accordingly, ^j+i = [^^Jf are E\ sets, and fl F = 0. 
Then X' = An = Un ^'n and is an F-invariant Borel set which separates X 
from Y. To make X' A\ we have to maintain the choice of sets A^ effectively. 

Let U CIMxINJ"^ be a "good" universal set (see §A.c). Then there is a 
recursive ^ : INI — INI such that [?7n]F = C^/i(n) for each n. Moreover, applying 
Lemma 83 (to the complement of C/ as a "good" universal n\ set, and with a 
code for Y fixed), we obtain a pair of recursive functions /. _g : N ^ N such 
that for any n, if fl y = then f7/(n)) ^g(n) are complementary sets (hence, 
either of them is A\) containing, resp., C/„ and Y. A suitable iteration of h and 
/, allows us to define a sequence ^ = ^ ^ ^ ^'i ^ ••• as above 
effectively enough for the union of those sets to be . □ (Lemma) 

Lemma 35.3. E is a E\ relation. 
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Proof. Let C C N and W, W <^ U x be as in Al Enumeration (§A.c). The 
formula inv(e) saying that e € C and We = is E-invariant, i.e., 

eeC Aya,b{aeWeAb^Wi=^a^b) 

is obviously H^ , however xEy iff 

Ve (inv(e) =^ {x e ^ y € W^) A {y e We ^ x e W^)) □ (Lemma) 

Let us return to the proof of the theorem. We have two cases. 
Case 1: E = E, i.e., E is Gandy - Harrington closed. 

Lemma 35.4. // E = E then there is a A\ reduction of E to D(2'^). 

Proof. Let C C and VF, W C X tt^J^ be as in the A\ Enumeration of § A.c. By 
Kreisel Selection there is a A\ function ip : — ^ C such that W^f^^^y-^ = W^^^ 
is a E-invariant A\ set containing x but not y whenever x, y E X are E- 
inequivalent. Then R = ramp is a El subset of C, hence, by Separation, there 
is a Al set N with R C N C C. The map i^ix) = {n € N : x € is a Al 
reduction of E to 0(2'^). □ [Lemma and Case 1) 

Case 2: E ^ E. Then the Ul set H = {x:[x]e^ [x]^} (the union of all E- 
classes containing more than one E-class) is non-empty. 

Lemma 35.5. If X C H is a El set then E ^ E on X . 

Proof. Suppose that E\X = E\X. Then E = E on y = [X]e as well. (If 
y, y' € Y then there are x, x' € X such that x E y and x' E y', so that if 
yEy' then xEx' by transitivity, hence, xEx', and yEy' again by transitivity.) 
It follows that E = E on an even bigger set, Z = [X]^. (Otherwise the El set 
Y' = Z\Y = {z : 3x € X{xEyAx ^y)} is non-empty and E-invariant, together 
with Y, hence by Lemma 35.2 there is a E-invariant Al set B with Y C. B and 
Y' n B = ^ , which implies that no point in Y is E-equivalent to a point in Y', 
contradiction.) Then by definition Z f] H = $ . □ (Lemma) 

Lemma 35.6. // A,B C. H are non-empty El sets with AEB then there exist 
non-empty disjoint El sets A' C. A and B' C. B still satisfying A' EB' . 

Proof. We assert that there are points a ^ A and b E B with a ^ b and aEb. 

(Otherwise E is the equality on X = AU B. Prove that then E = E on X, 
a contradiction to Lemma 35.5. Take any x ^ y in X. Let U he a clopen set 
containing x but not y. Then A = [U nX]^ and C = [X \ U]e are two disjoint 
E-invariant El sets containing resp. x, y. Then xEy fails by Lemma 35.2.) 

Thus let a, b be as indicated. Let U he a clopen set containing a but not b. 
Put A' = AnUn [U% and B' = BnU^n [U]e . □ (Lemma) 
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7.b Restricted product forcing 

Recall that forcing notions P and P2 were introduced in § 5.c. In continuation 
of the proof of Theorem 35 (Case 2), let f E be the collection of all sets of 
the form X xY, where X,Y C. Dsl"^ are non-empty Ul sets and X EY (which 
means here that [X]e = [Y]e). Easily P2 C P^ f E C P^ . The forcing \ E 

is not really a product, yet if X x Z G P^ f E and / X' C X is Ul then 
Z' = Zn [X']e is Ul and X' x Z' e P"^ \ E. It fohows that any P^ \ E-generic 
set G C P^ f E produces a pair of P-generic sets Gieft = {domP : P G G} and 
Cright = {ranP-.P G G}, hence, produces a pair of P-generic reals x^^f^ and 
^?ight ' whose names will be xief t and Xright • 

Lemma 35.2. In the sense of the forcing P^ \ E, any P = X x Z E P^fE forces 
(xieft, bright) € P and forces Xieft Exj-ight, but H X H forces Xieft ^ bright • 

Proof. To see that Xieft E Xright is forced suppose otherwise. Then, by the 
definition of E, there is a condition P = X X Z G P^fE and an E-invariant A\ 
set B such that P forces xieft £ B but Xright -S. Then easily X C. B but 
Z n B = 0, a contradiction with [X]e = [Z]e- 

To see that H x H forces Xieft ^ ^ij-ight suppose towards the contrary that 
some P = XxZe P'^\E with X (J Z C H forces xieft E fright, thus, 

(1) xEz holds for every P^ \ E-generic pair {x,z) G P. 

Claim 35.3. // x, y GX are P-generic over 93t, and xEy, then xEy. 
Proof. We assert that 

(2) X & A <^=^ y G j4 holds for each E-invariant El set A . 

Indeed, if, say, x G A but y ^ A then by the genericity of y there is a Ul set 
C with y E C and A fl C = 0. As A is E-invariant, Lemma 35.2 yields an E- 
invariant A\ set B such that C Q B but AnB = $. Then x ^ B but y e B, 
a contradiction to x Ey . 

Let {^njneN be an enumeration of all dense subsets of P^ f E which are 
coded in SPT. We define two sequences Pq D Pi ^ ... and Qo I) Qi 3 ... of 
conditions P„ = X„ X Z„ and Q„ = x Z„ in P^ t E, so that Pq = Qo = P, 
x G Xji and y € Yn for any n, and finally P„, Qn G i^n-i for n > 1. If this is 
done then we have a real z (the only element of Zn ) such that both {x, z) 
and {y^z) are P^ f E-generic, hence, xEz and y E 2; by (1), hence, xEy. 

Suppose that P„ and Q„ have been defined. As x is generic, there is (we 
leave details for the reader) a condition P' = A x C G and C P„ such that 
X € A. Let B = Yn n [A]e : then y G -B by (2), and easily [B]e = [C]e = [^]e 

^'^ Over a countable model 9Jl chosen in accordance with the requirements in Footnote 14. 
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(as [Xn\E = [Zn\E = [^«]e), thus, S X C G t E, SO there is a condition 
Q' = V X W € 9n ■'i'^d C B X C C Qr, such that y € V. Put Y^+i = V, 
= W, and = An[W]E. □ (CJaim) 

It follows that E = E on X. (Otherwise S = {{x,y) € X"^ : x Ey A x ^y} is 
a non-empty Sl set, and any P2-generic pair {x,y) G S implies a contradiction 
to Claim 35.3. Recall that P2 = all non- empty Sl subsets of (N^)^.) But this 
implies X n H = $ by Lemma 35.5, contradiction. □ {Lemma 35.2) 

7.C Splitting system 

Let us fix enumerations {^{n)}ne\i^, {^2(?^)}nGN; {^^(?^)}neN of all dense sub- 
sets of resp. P, P2, P^ \ E, which belong to 9Jt; we assume that ^(n + 1) C ^(n), 
%{n+ 1) C ^2(n), and S'^{n+ 1) C ^'^(n). If u, v e 2™ (binary sequences 
of length m) have the form u = and v = O^^l^w for some k < m 

and w G 2"^~^~^ then we call {u,v) a crucial pair. It can be proved, e.g., by 
induction on m, that 2"* is a connected tree (i.e., a connected graph without 
cycles) of crucial pairs, with sequences beginning with 1 as the endpoints of the 
graph. We define a system of sets Xu { u G 2^"^) and , {u,v) being a crucial 
pair, so that the following conditions are satisfied: 

(i) Xu & P, moreover, Xa C H, and X„ G ^(n) for any u G 2^* ; 

(ii) X^Aj C Xu for all u and i; 

(iii) Ru.y G P2, moreover, R^v G 3l2{n) for any crucial pair (u, i;) in 2"; 

(iv) C E and X„ for any crucial pair {u, v) in 2" ; 

(v) R^jAj^^Aj C R„^, ; 

(vi) if It, G 2" and u(n — 1) / v{n — 1) then X„ x G ^^(n) and also 

Note that (iv) implies that Xu E Xy for any crucial pair {u,v), hence, also for 
any pair in 2" because any u,v € 2" are connected by a unique chain of crucial 
pairs. It follows that X„ X X„ G P^ t E for any pair of u,v E 2", for any n. 

Assume that such a system has been defined. Then for any a G 2'^ the 
sequence {Xa\n}nm is P-generic over aJt, hence, Pln^aN = {^a}, where Xa is 
P-generic, and the map a 1— > is continuous since diameters of Xu converge to 
uniformly with Ih n — > by (i) , and is 1 — 1 by the last condition of (vi) . 

Let a, 6 G 2"^. If a ^0 ^ then, by (vi), {xa,xi,) is a P^ f E-generic pair, hence, 
Xa ^ by Lemma 35.2. Now suppose that o Eg 6, prove that then Xa E Xb. We 
can suppose that a = w^O^c and b = w^O^c, where w G 2^^ and c G 2"^ 
(indeed if a Eq 6 then a, b can be connected by a finite chain of such special 
pairs). Then {xa,Xh) is P2-generic, actually, the only member of the intersection 
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fin ^w^o^icin) ,w'^i^(cln) t>y (iii) and (iv), in particular, Xa because we have 
Ruv Q E for all u, v . 

Thus we have a continuous 1 — 1 reduction of Eg to E. 

□ (Case 2 in Theorem 35 modulo the construction) 
7.d Construction of a splitting system 

Let X\ be any member of ^(0) satisfying Xa C H. Now suppose that Xg and 
Rst have been defined for all s G 2" and all crucial pairs in 2", and extend 
the construction on 2"+^. Temporarily, define X^Aj = Xg and Rs^i,t^i = ^st '■ 
this leaves Ro»ao o"^i still undefined, so we put Rq" ^0 0"^i — En Xqti x Xqti. 
Note that the such defined system of sets X^ and relations Ruv at level n + 1 
satisfies all requirements of (i) - (vi) except for the requirement of membership 
in the dense sets - say in this case that the system is "coherent". It remains to 
produce a still "coherent" system of smaller sets and relations which also satisfies 
the membership in the dense sets. This will be achieved in several steps. 

Step 1: achieve that X.^ G S'{n + 1) for any u G 2"^"^. Take any particular 
uq G 2""'"^. There is, by the density, G + 1) and C X^q- Suppose 
that {uo,v) is a crucial pair. Put R^^^^ = {{x,y) G Ruo,v -x G X'^^} and X'^ = 
ran R(^g ^. This shows how the change spreads along the whole set 2""*"^ viewed as 
the tree of crucial pairs. Finally we obtain a coherent system with the additional 
requirement that G 2>{n + 1). Do this consecutively for all uq G 2^~^^ . The 
total result - we re-denote it as still X„ and Ruv - is a "coherent" system with 
Xu G Si{n + 1) for all u. Note that still Xqhaq = Xqua^ and 

Rq" Ag 0" ^ 1 ~ En (Xqii Aq X Xgn ■ (*) 

Step 2: achieve that X^aq x XtAi G ^^(n + 1) for all s, t G 2"+^ Consider 
a pair of uq = sq^O and vq = to^l in 2^'^^. By the density there is a set X^^ x 
X^g G ^^(n+ 1) and C X„q x X^^. By definition we have X^^ EX^^^, but, due to 
Lemma 35.6 we can maintain that X^y n X^^ = 0. The two "shockwaves", from 
the changes at uq and vq, as in Step 1, meet only at the pair 0™^0, 0™^1, where 
the new sets satisfy Xq^aq E just because E-equivalence is everywhere 

kept and preserved though the changes. Now, in view of (*), we can define 
RonAo,o"^i = En (Xq„ao X Xq„ai), preserving (*) as well. All pairs considered, 
we will be left with a coherent system of sets and relations, re-denoted as X„ 
and Ruv, which satisfies the ^(n + l)-requirements in (i) and (vi). 

Step 3: achieve that R„^ G ^2(^ + 1) for any crucial pair at level n + 1, 
and also that Xq„aq n Xq„ai = 0- Consider any crucial pair {uo,vq). If this 
is not (0"^0,0"^lp) then let R',,,,,,,,, C R„,,„,, be any set in &2{n + 1). If this is 
Uq = 0""^0 and vq = O^^l then first we choose (Lemma 35.6) disjoint non-empty 
EI sets U C XonAQ and V C XgnAi still with UEV, and only then a set R'uqvq ^ 
E n ([/ xV) which belongs to G ^2{n + 1). In both cases, put X^^ = domR^^^g 
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and = ran Rnouo- remains to spread the changes, along the chain of crucial 
pairs, to the left of uq and to the right of vq, exactly as in Case 1. Executing 
such a reduction for all crucial pairs {uo,vo) at level n + 1 one by one, we end 
up with a system of sets fully satisfying (i) - (vi). 

□ {Theorem 35) 

7.e A forcing notion associated with Eq 

We here consider the forcing notion Peo/d{2|^) (see §3.e), that will be denoted 
by Peo below. Thus by definition Peq consists of all Borel sets X C 2^ such 
that Eg t -X^ is non-smooth while the related ideal ^Eq = =^Eo/d(2|^|) consists of 
all Borel sets X such that Eq f X is smooth. 

Lemma 36. (i) c^Eo *s a (J-additive ideal. Let X C2^ be a Borel set. 

(ii) X belongs to Peq iff Eq Qc \ X (by a continuous injection). 

(iii) X belongs to ,^Eo tff ^0 \ ^ admits a Borel transversal. 

Proof, (i) immediately follows from Theorem 28. In (ii), if X G Peq then Eq Ec 
Eq I X hy Theorem 35, while if Eq Cc Eq f X then Eq f X is not smooth since Eq 
itself is not smooth by Lemma 27(v). In (iii), if Eq \ X admits a Borel transversal 
then it is smooth by Lemma 27(i) and hence X belongs to ^Eq- To prove the 
converse apply Lemma 27(iii). □ 

Note that any X G Peq contains a closed subset Y C X also in Peq by 
Theorem 35. (Apply the theorem for E = Eq f X. As Eq |~ X is not smooth, we 
have Eq Cc Eq \ X, by a continuous reduction ??. Take as Y the full image of 
??. Y is compact, hence closed.) Such sets Y can be chosen in a special family. 

Definition 37 (Zapletal [47]). Suppose that two binary sequences «° 7^ «^ G 
2<'^ of equal length lhu° = Ihu^ > 1 are chosen for each n, together with one 
more sequence uo G 2^^^. Define 19(a) = uq^Uq^'^^ ^u^^^^ ^ . . . for any a G 2'^. 
Easily i? is a continuous injection 2'^ ^ 2'^, Y = ran 7? is a closed set in 2^, 
witnesses Eq Ec Eq \Y, and hence Y G Peq- 

Let P'f denote the collection of all sets Y definable in such a form. □ 

Theorem 38 (Zapletal [47]). P'^^, is a dense subset of Pe^ : for any X G P'^^^ 
there exists Y G Peqj Y C X. In addition, Peq forces that the "old" continuum 
C remains uncountable. 

Proof. The proof employs splitting technique for the forcing Peq. This technique 
somewhat differs from the splittings used in the proof of Theorem 35. First of 
all, as mentioned above, we can consider only closed sets in Peq, that enables 
us to replace the Gandy - Harrington stuff by a simple compactness argument. 
Second, the equivalence relation considered has the form Eg [ X. 
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For any sequences r,w £ 2^'^ with Ihr < Ihw, define rw G 2'^'^ (the r-shift 
of so that Ihrw = Ihu) and {rw){k) = 1 — w{k) whenever A; < Ihr and 
r{k) = 1, and {rw){k) = w{k) otherwise. Clearly r{rw) = w. Similarly define 
ra e 2"^ for a G 2^, and rX = {ra:ae X} for any set X C 2"^. 

We are going to define sequences u G 2^'^ and ^ u^^ G 2^^^ (n G N) 
such that Ihu^ = Ihu^, as in Definition 37, and also a system of closed sets 
Xs G Peo (s G 2<'^) satisfying the following: 

(i) XaCX and Xs^i C ; 

(ii) Xs C where Ws = uq^Uq^^'^ ^ul^^'' ^ . . . ^ul^!:^'^^ G 2<^, k = Ihs, and 

= {a G 2^^ : ti; C a} for w G 2<'^; 

(iii) if s,t € 2" for some n then = WfWgXs ■ 

Then define the map i9 as in Definition 37. The set Y = rani9 = P)^ Use2" 
X belongs to P'^^ , proving the density claim of the theorem. 

Step 0. We put Xa = X and let Uq G 2^'^ be the largest sequence such that 
-'^A ^ ffu^ . Let ^0 = Ih uo . 

S'iep i. Here we define Uq and X^j^ for i = 0,1. Let R be the set of all 
sequences r G 2<'^ containing at least one term equal to 1 (and hence ra ^ a for 
any a). Consider the union Z = IJreR-^'' ^^^^ Zr = {a € X\ : ra G Xa}; 

each Zr is closed. The difference D = Xa \ 2" is pairwise Eo-inequivalent, 
hence D G J^Eq by Lemma 36. Thus at least one of Zj-, r € R, belongs to 
Peq by Lemma 36. Let ri be any r G of this sort. Put £i = Ihri; clearly 
Ihuo = £o < £i and ri \ io consists only of terms equal to 0. 

There is a sequence 'u;|o) ^ 2^^^ such that Ihtw^o) = the set X^q) = 

Zri f^^wi^o^ still belongs to Peq- Put = riW(^Qy Then the set X^i^ = riX^g) = 
{ria : a G X^o)} = -^n ^ ^w(^i) belongs to Peq together with X^o)- Note that 
uq C W(^i^, and hence there exist sequences ttg 7^ G 2^'^ of length £1 — £0 
such that 'u;^o) = uq^Uq and w/^i^ = uq^Uq. It follows from the construction that 
■"^(0)^(1) =n, therefore X(^i^ =^1)^0)^(1)^(1)) ^i^d (iii) holds. 

S'iep ^. Here we define u\ for i = 0, 1 and Xg for s G 2^*^ with Ihs = 2. 
Once again there is a sequence r2 & R such that the (closed) set Zr2 = {a G X^q^ : 
ra G X^o)} still belongs to Peq- Put £2 = lhr2; then Ihri = £1 < £2 and r2 t^i 
consists only of terms equal to 0. Once again there is a sequence 1*^(0,0) ^ 2^'^ such 
that lhit;^o,o) =^2 and the set X^q.o) = ^r2^^w^o belongs to Peq. Put W(o,i) = 
f2W{ofi)- Then the set X^o,i) = ^^2X^0,0) = ^ '^w^q i> belongs to Peq together 
with X(o,o)- Also, put = riW(o,i) and X^i^j) = riX(o,i) = Zr^ n ^w^^^i^ 

for i = 0, 1 — these sets also belong to Peq- As for (iii) at this level, take, for 
instance, s = (0,1) and t = (1,0). By definition X^i^q) = ^1-^(0,0) = ''2n-'^(o,i) > 
on the other hand, ?i^(i,o) = ^2''i^f^(o,i)) too- 

Finally, there exist sequences 7^ G 2^'^ of length £2 — £1 such that 
W{ij) = uo^ul^ul for i,j = 0, 1. 
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Steps > 3. Et cetera. The construction results in a system of sets and se- 
quences satisfying requirements (i), (ii), (iii), as required. 

To prove the additional claim of the theorem, the splitting construction has 
to be modified so that for any n the sets Xg, s G 2", belong to the n-th dense 
subset of Peq) in the sense of a given countable sequence of dense sets. □ 

We observe that Peq as a forcing is somewhat closer to Silver rather than 
Sacks forcing. The property of minimaUty of the generic real, common to both 
Sacks and Silver, holds for as well, the proof resembles known arguments, 
but in addition the following is applied: ii X E Peq and f : X ^ 2^ is a Borel 
Eo-invariant map (that is, xEoy =^ f{x) = f{y) ) then / is constant on a set 
Y G Peo, Y ex. 

8 Ideal J^i and P-ideals 

By definition the ideal Fin x = J^i consists of all sets a; C ^(INJ x INI) such that 
all, except for finitely many, cross-sections {x)n = {k : (n, k) G x} are empty. 

8. a Ideals below J^i 

It turns out that there exist only three different ideals Borel reducible to J^i, 
they are Fin, the disjoint sum Fin ^(IM), and itself. 

Definition 39. An ideal ^ is a trivial variation of ^ if there is an infinite 
set D such that I ^ ^j^-jg j \ = ^{ZD). (The last condition is 

equivalent to = {x : x n D e \ D} .) □ 

Theorem 40 (Kechris [27]). // <b is a Borel (nontrivial) ideal on INI 
then either = J'l or ^ is a trivial variation of Fin. 

Exercise 40.1. Prove that any trivial variation of J^i is isomorphic to J^i while 
any trivial variation of Fin is isomorphic either to Fin or to the disjoint sum 
Fin © =^(INI), e.g., realized in the form of {x C INI : x fl odd G Fin} . □ 

Proof (Theorem). We begin with another version of the method used in the 
proof of Theorem 30. Suppose that {■'^k}ken is a fixed system of Borel subsets 
of (It will be specified later.) Then there exists an increasing sequence of 

integers = no < ni < n2 < ... and sets C [nfc, rit;_|_i) such that 

Suppose, for the sake of brevity, that X = 2*^ . For any n, the set Y° = {a: f{a){n) = 0} 
is Borel and Eo-invariant. It follows that is either meager or comeager. Put b{n) = iff 
Y" is comeager. Then D = {a : f{a) = b} is comeager. A splitting construction as in the proof 
of Theorem 38 yields a set Y € Peo, Y C D. 

Recall that J' = ^ means isomorphism via a bijection between the underlying sets. 
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(1) any x C INJ with V°°fc {x fl [nk,nk+i) = Sk) is "generic" '^^ ; 

(2) if A;' > A; and u C [0,n^.') then uU Sk' decides ,^fc in the sense that either 
any "generic" x € with x fl [0,nfc/+i) = tt U s^/ belongs to or 
any "generic" x with a:; n [0, Uk'+i) = n U s^/ does not belong to . 

Now put ^0 = {x U Si : X C. Zq} and S'l = {x U Sq : x C. Zi}, where 

'S'O = Ufc «2fe ^-^0 = 0*; Kfe, 'T'2fe+l) , 'S'l = Ufc S2k+1 ^-^1=0*; Kfe+1, 'T'2fe+2)- 

Clearly any x G ^qU is "generic" by (1), hence, by (2), 

(3) each is clopen on both and . 

As <B '-^1, it follows from Lemma 1 (and the trivial fact that J^i © = 
^i) that there exists a continuous reduction : ^(IhJ) x INI) of to 

Thus is the union of an increasing sequence of (topologically) closed 
ERs C E just because J^i admits such a form. We now require that {f^k} 
includes all sets -B™ = {x G ^(INJ) : Vs C [0, /) a; Rm {x A s)}. Then by (3) and 
the compactness of for any / there is m{l) > I satisfying 

(4) Vx G ^0 U ^1 Vs C [0, {x Rmii) {x A s)) . 

To prove the theorem it suffices to obtain a sequence a^o ^ C a;2 ^ •■• of 
sets Xk G with y = [J^^ ^(.x„) : that in this case y is as required is an 
easy exercise. As any topologically closed ideal is easily ^(x) for some x C IM, 
it suffices to show that is a union of a countable sequence of closed subideals. 
It suffices to demonstrate this fact separately for y \ Zq and y \ Zi. Prove that 
y \ Zq is a countable union of closed subideals, ending the proof of the theorem. 

If m G N and s C u C Zq are finite then let 

I^^ = {AC Zq-.^x e %{xnu = (xLi (A^u)) Rm x)} . 

Lemma 40.2. Sets 7^ are closed topologically and under U, and C y . 

Proof. /™ are topologically closed because so are R^ • 

Suppose that A, J5 G To prove that ^ U S G i^, let x G satisfy 
xHu = s. Then x' = x[j{A\u) G &o satisfies x' Hu = s, too, hence, as i3 G 
we have (x' U (5 \ u)) Rm x' , thus, (xU {{AU B) \ u)) R„j x'. However x' Rm x 
just because A G It remains to recall that R^, is a ER. 

To prove that any A G belongs to y take x = s U Si. Then we have 
X U (A \ n) R^ X, thus, ^ G ^ as s is finite and R^ ^ E jr . □ {Lemma) 

Lemma 40.3. y \ Zo = [Jm,u,s ^us ■ 



We mean, Cohen generic over a certain fixed countable transitive model QJl of a big enough 
fragment of ZFC, which contains Borel codes for all sets ■ 
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Proof. Let A e , A Q Zq. The sets Qm = {x e % : {x U A) R„i x} are closed 
and satisfy = [J^y^Qm- It follows that one of them has a non-empty interior 
in thus, there exist finite sets sC.uC.Zq and some uiq with 

'ixe%{xnu = s =^ {x u A) x) . 

This is not exactly what we need, however, by (4), there exists a number m = 
max{mo, m(sup u)} big enough for 

\/x e ^0 : {xU A) Rm (x U (A \ u)) . 

It follows that A E I^, as required. □ {Lemma) 

Let be the hereditary hull of I™ (all subsets of sets in /^). It follows 
from Lemma 40.2 that any is a topologically closed subideal of \ Zq, 
however, ^ \ Zq is the union of those ideals by Lemma 40.3, as required. □ 



8.b ^1 and P-ideals 

Thus J^i is a <B-minimal ideal over Fin : we have Fin <b and the <b- 
interval (Fin, J^i) is empty. Although J^i is not the least over Fin, still it turns 
out that is the least among all Borel ideals which are not P-ideals. 

The next theorem is of great importance for the whole theory of Borel ideals. 

Theorem 41 (Solecki [42, 43]). The following families of ideals on INI coincide: 

(i) ideals of the form Exh^, where (p is a I. s. c. submeasure on INI ; 

(ii) polishable ideals. 

(iii) analytic P-ideals; 

(iv) analytic ideals with J^i j 

(v) analytic ideals J" such that all countable unions of ^ -small sets are J" - 
small, where a set X C ^(IM) is J' -small if there is A G such that 
X\ A = {xr\A:x eX) C &>{A) is meager in 0»{A) . 

It follows that all analytic P-ideals actually belong to Hg, just because any 
ideal of type (i) is easily Ilg . 

Proof. The formal scheme of the proof is: (i) ==^ (ii) ==^ (iii) ==^ (iv) =^ 
(v) (i). The hard part will be (v) =^ (i), the rest is rather elementary 
but tricky in some points. The elementary part of the proof is organized so that 
the proofs that (i) -^^^^ (ii) and (iii) -^=^> (iv) <^=^ (v) and that the first group 
implies the second, are obtained independently of the hard part. ^ 

(i) (ii) If (^({n}) > for all n then the required metric on = Exho? '^^"^ 

COVOllCLV- 

can be defined by dtp{x,y) = ip{x Ay). Then any set U C open in the sense 

Thm 41-\ 
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of the ordinary topology (the one inherited from ^{hl) ) is di^-open, while any 
d^-open set is Borel in the ordinary sense. In the general case we assemble the 
required metric of on the domain {n : <p{{n}) > 0} and the ordinary Polish 
metric on ■^(INI) on the complementary domain. 

(ii) =^ (i) Let r be a Polish group topology on generated by a A- 
invariant compatible metric d. It can be shown (Solecki [43, p. 60]) that (p{x) = 
^'^Py£j',yCx d{$,x) is a l.s.c. submeasure with ^ = Exh^. The key observation 
is that for any x G the sequence {x fl [0,n)}„giig d-converges to x by the 
last statement of Lemma 7, which implies both that (p is l.s.c. (because the 
supremum above can be restricted to finite sets y) and that ^ = Exh^ (where 
the inclusion 3 needs another "identity map" argument). 

(i) (iii) That any ^ = Exh,^, ip being l.s.c, is a P-ideal, is an easy 
exercise: if xi, X2, x^, ... G then define an increasing sequence of numbers 
rii G Xi with ip{x f] [n-i, oo)) < and put x = \J^{x H [n.j, oo)) . 

Any of (iii), (i), (ii), (v) (iv) This is because ,^1 easily does not satisfy 

any of the four properties indicated. For the formal purpose to complete the proof 
of Theorem 41, we need here only the implication (iii) (iv) . 

(iv) =^ (v) Suppose that sets C ^(INI) are o^-small, so that \ A^i 
is meager in 3^{An) for some An G <f , but X = Un"^" ./-small, and 
prove <RB ■ Arguing as in the proof of Theorem 30, we use the meagerness 
to find, for any n, a sequence of pairwise disjoint non-empty finite sets w-^ C a;„, 
A; G INI, and subsets C u;^, such that 

(a) if x C and ^°°k (x n = uD then x^X^. 

Dropping some sets w'^ away and reenumerating the rest, we can strengthen the 
disjointness to the following: w"^ fl w"^ = unless both n = m and k = 1 . 

Now put w^j = ^J(2j+i)-i- "^^16 ssts Wij = Un<i'"^5 ^'^^ ^^'^^ pairwisc dis- 
joint, and satisfy the following two properties: 

(b) yjjWij C x„, hence, G for any i; 

(c) if a set Z C N x IM does not belong to J^i, i.e., 3°°i3j ((i,j) G Z), then 
Vn 3°° A: {w'l C wz), where wz = U(i,j>ex^ii) • 

We assert that the map ^ Wij witnesses J^i <'^^ J' . (Then a simple 

argument, as in the proof of Theorem 30, gives J'\ <rb -/•) 

Indeed if Z C INI x INI belongs to J^i then wz G by (b). Suppose that 
Z ^ J^i. It suffices to show that X„ \ wz is meager in &*{wz) for any n. Note 
that by (c) the set K = \k: C m^} is infinite and in fact wz^iXn = [Jk&K '"'fc ■ 
Therefore, any x C Wz satisfying x Ciw^ = for infinitely many k E K, does 
not belong to Xn by (a). Now the meagerness of Xn \vjz is clear. 

(v) ^> (iii) This also is quite easy: if a sequence of sets Zn E ^ witnesses 
that ^ is not a P-ideal, then the union of J^-small sets ^(Z„) is not ^-small. 
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8.C The hard part 

We prove (v) =^ (i), the hard part of Theorem 41. A couple of definitions before 
the key lemma. 

• Let Ci-Y) be the collection of all hereditary (i.e., y C. x & K y E K) 

compact =^-large sets K C ^(IhJ). 

• Given sets A, B C ^(INJ), let A + B = {x U y: x e A A y e B} . 

Lemma 42. Assuming that J' is of type (v), there is a countable sequence 
of sets Km € C'(J^) such that for any set K G C{J?) there are m, n with 
Km + KnC K. 

Proof. Fix a continuous map /. J^. For any s G INI^'^, we define 

A^s = {a € (Ni*^ : s C a} and Bs = f"Ns (the /-image of Ns) . 

Consider the set T = {s : Bs is ^-large}. As itself is clearly ^-large, A € T. 
On the other hand, the assumption (v) easily implies that T has no endpoints 
and no isolated branches, hence, P = {a G INl'^ : Vn {a \ n E T)} is a perfect set. 
Moreover, Ag = /"(Pn Ng) is ^-large for any s E T because Bg \ is a 
countable union of ^-small sets. 

Now consider any set K € C(J^). By definition, if x, y € Y then Z = 
X U y E J^, thus, K \ Z is not meager in ^{Z), hence, by the compactness, 
K \ Z includes a basic nbhd of ^{Z), hence, by the hereditarity, there is a 
number n such that Z (1 [n,oo) € K. We conclude that = (Jn*?"' where 
each Qn = {{a, b) G : (/(a) U /(6)) n [n, oo) G K} is closed in P because so is 
K and / is continuous. Thus, there are s, t & T such that P^ PI {Ng x Nt) C 
in other words, {Ag + At) \ [n, oo) C K, hence, {Ag + At) \ [n, oo) C K, where 
... denotes the topological closure of the hereditary hull. Thus we can take, as 
{Km}, all sets of the form Kgn = A^ \ n. □ 

Using the fact that C(J^) is a filter (as easy exercise which makes main use 
if the hereditarity), we can define (still in the assumption that is of type (v)) 
a C-decreasing sequence of sets Kn G C{J^) such that 

(1) for any K G C(J^) there is n with K„ C iC, 

and Kn+i + K^+i C K^ for any n. Taking any other term of the sequence, we 
can sharpen the latter requirement to 

(2) for any n : Kn+i + i^n+i + -^n+i ^ Kn ■ 

This is the starting point for the construction of a l.s.c. submeasure ip with 
y = Exhtp. Assuming that, in addition, Kq = ^(INI), let, for any x G .^in(l^l), 

(pi {x) = inf { 2~" : x G Kn } , and 

ip2{x) = inf{YT=iMxi)-m>lAxieJ^tin{^)^xC\J1l^Xi} . 
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Then set ^p{x) = snp^{p2{xri [0, n)) for any x C INJ. A routine verification shows 
that If submeasure and that y = Exh;^. (See Solecki [43]. To check that any 
X G Exh^ belongs to we use the following observation: x E ^ ill for any 
K e C{y) there is n such that xn[0,n) e K .) 

□ {Theorem 41) 

Corollary 43. Suppose that ^ is an analytic P-ideal. Then any ideal ^ <b ^ 
is an analytic P-ideal, too. 

Proof. Use equivalence (iv) <^=^ (iii) of the theorem. (The result can be obtained 
via a more direct argument, of course.) □ 

9 Equivalence relation Ei 

The ideal J^i naturally defines the ER Ei = Ey-^ on ^(INJ x INI) so that x Ei y 
ill xAy G ^i- We can as well consider Ei as an ER on X"^ for anv uncountable 
Polish space X, defined as x E-^y ill x{k) = y{k) for all but finite k. 

9. a El and hypersmoothness 

The following notation will be rather useful in our study of subsets of ■^(INI)"^ 
or (2"^)"^. If X is a function defined on INI then, for any n, let 

X\<n = X \ [0, n) , Xl<n = X \ [0, Tl] , X \>n = X \ {u, Oo) , X \>n = X \ [n, Oo) . 

For any set X of N-sequences, let X f<„ = {x |~<n : x G X}, and similarly for 
<, >,>. II ^eX r>„ then let Sx(0 = {x{n) : x G X A a; f>„ = 

Recall that a hypersmooth ER is a countable increasing union of Borel smooth 
ERs. The following lemma shows that Ei is universal in this class. 

Lemma 44. For a Borel ER E to be hypersmooth it is necessary and sufficient 
that E <B El . 

Proof. Let X be the domain of E. Assume that E is hypersmooth, i.e., E = 
|J„ E„, where x En y iff ^n{x) = ^niu), each : X ^ ^(N) is Borel, and 
En ^ E„_|_i, Vn. Then i9{x) = (.T)}„giH witnesses E <b Ei. Conversely, if 
i9:X^<^(IM)'^ is a Borel reduction of E to Ei then the sequence of ERs xEny 
ill i?(x) = ■!?(?/) \>n witnesses that E is hypersmooth. □ 

This Subsection contains a couple of results which describe the relationships 
between hypersmooth and countable ERs. The following result is given in [29] 
with a reference to earlier papers. 

Lemma 45. (i) Ei is not essentially countable, i.e., there is no Borel count- 
able (that is, with at most countable classes) ER E such that Ei <b E . 
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(ii) Eq <b El, in other words, Fin <b J^i . 

Proof, (i) (A version of the argument in [29], 1.4 and 1.5.) Let X be the domain 
of E, and i3 : ^(N)'^ ^ X a Borel map satisfying x Ei y =^ ■!9(.t) F Then 
7? is continuous on a dense Gs set D C ^(INJ)'^. We begin with a few definitions. 
Let "generic" mean Cohen generic over a certain fixed countable transitive model 
dJt of a big enough fragment of ZFC, which contains codes for D, \ D, X . 

We are going to define, for any k, a pair of ^ & ,^(INI), a number t{k) 
and a tuple Cfc G ^{U)^''^^ such that 

(1) both X = (a;o)^Co^(a:i)'^Ci^- and y = {yo)^Co^{yi)^Ci^- are "generic" 
elements of J^(N)^; 

(2) for any k, C<fc = {xo,yo)^(o^{xi,yi)^(i^...^{xk,yk)^Ck is "generic", hence, 
so are ^<k = {xo)^Co-^{xk)^Ck and r)<k = (yo)^Co-^(yfe)^Cfe ; 

(3) for any k and any z G .^(INI)''^ such that C<k^z is "generic" we have 

If this is done then we can choose, using (2), a point € .^(INI)''^ for any k 
so that C<fc^'2(fc) G .^(INI)'^ is "generic", hence, by (3), for X(^k) = C<fc^^(fe)) and 
y{k) = V<k^Z(^k)) we have r9{x(^k)) = Hy{k))- Note that X(^k) -> x and y(^k) ^ y, 
and on the other hand, all of x^j^), x, y{k)-, y belong to D because all are "generic". 
It follows that ^{x) = 'd{y) by the choice of D. However obviously x Ei y, so 
that "& is not a reduction, as required. 

To define xq, yo, (^q note that, by an ordinary splitting argument, there is a 
set X C ^(IM) of cardinality c and z G such that {a,b)^z is "generic" 

for any two a ^ b E X. In particular, all {a)^z, a & X, are "generic". But all 
of them are pairwise Ei -equivalent, hence, i? sends all of them into one and the 
same F-class, which is a countable set by the choice of F. It follows that there is 
a pair of a 7^ 6 in X such that 'i}{{a)^z) 7^ 'd{{b)^z). This equality is a property 
of the "generic" object {a,b)^z, hence, it is forced in the sense that there is a 
number i such that '&{{a)^z') 7^ ■d{{b)^z') whenever {a,b)^z' is "generic" with 
z' \i = z \£. Put xo = a, yo = b, (0 = z \l. 

The induction step is carried out by the same argument. 

(ii) That Eq <b Ei is witnessed by the map f{x) = {(0, n) : n € a;}. □ 

While El is not countable, the conjunction of hypersmootheness and count- 
ability characterizes the essentially more primitive class of hyperfinite ERs. 

9.b The 3rd dichotomy 

The following major result is called the 3rd dichotomy theorem. 

Theorem 46 (Kechris and Louveau [29]). Suppose that E is a Borel ER on 
some Polish space, and E <b Ei. Then either E <b Eq or Ei <b E. 
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Proof. Starting the proof, we may assume that E is a A\ ER on ^(INJ), and 
that there is a reduction p of E to Ei, of class A\. Then R = ranp is a Ul 
subset of ■^(INI)'^. The idea behind the proof is to show that the set R is either 
small enough for Ej fi? to be Borel reducible to Eq, or otherwise it is big enough 
to contain a closed subset X such that Ei f X is Borel isomorphic to Ei . 

Relations -< and ^ will denote the inverse order relations on INJ, i.e., m ^ n 
iff n < m, and m ^ n iff n < m. li x E: .^(INI)'^ then x denotes the 
restriction of x (a function defined on INJ ) on the domain =4 n, i.e., [n, oo). 
If X C ^(N)^ then let X = {x l^n '.x e X}. Define x and X 
similarly. In particular, J^(lNJ)^ = -^(lNi)=^" = 

For a sequence x G ^(INI)^"', let depx (the depth of x) be the number (finite 
or oo) of elements of the set V{x) = {j ^ n :x{j) ^ A\{x The formula 

depx > d (of two variables, d running over IM U {oo}) is obviously E\ . 

We have two cases: 

Case 1: all x € i? = ran/5 satisfy depx < oo. 
Case 2: there exist x & R with dep x = oo . 

Case 1 is the easier case. First of all we observe that R, a Sl set, is a 
subset of the III Z = {x : depx < oo}, hence, there is a A\ set Y with 
ranp C.YC.Z. The following lemma ends the argument. 

Lemma 46.1. Suppose that X C ^(Dsl)"^ is a A\ set and any x E X satisfies 
depx < oo. Then Ei \ X <b Eq . 

Proof. By the choice of X for any x E X there is a number n such that 
\/m ^ n (x(m) E A\(x \^rn))- As the relation between x and n here is clearly 
nl, the "Kreisel selection" theorem yields a A\ map v : X ^ h\ such that 
x(m) G A\{x \^n) holds whenever x G X and m ^ iy{x). Now define, for each 
X e X, ^x) e ^(tt^J)^ as follows: i?(x) t^^(^) = x t^^(^), but i?(x)(j) = for 
all j < u{x). Note that x Ei tJ^x) for any x £ X . 

The other important thing is that ran?? Q Z = {x £ : depx = 0}, 

where Z is a III hence, there is a A\ set Y with rant? C Y C. Z. In 
particular reduces Ei f X to Ei \ Y. We observe that Ei |~ y is a countable 
ER: any Ei-class in ^{U)^ intersects Y by an at most countable set (as so is 
the property of Z, a bigger set). Thus, Ei |~y is hyperfinite by Theorem 32. □ 

9.C Case 2 

Since dep x = oo is a i^j formula, it suffices to show that for any non-empty Ul 
set R C ^{hi)^ with M x e R (depx = oo) we have a A\ subset X C i? with 
El <B El \ X. Fix a set R^ as indicated, for the course of the proof. The subset 
X of R will be defined with the help of a splitting construction developed in [23] 
for the study of "ilF'founded Sacks iterations. 
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We shall define a map : INJ — > IM, which assumes infinitely many values and 
assumes each its value infinitely many times (but ran (p may be a proper subset 
of INI), and, for each u G 2^^^, a non-empty Sl subset X„ C i?, which satisfy a 
quite long list of properties. First of all, if is ah'eady defined at least on [0, n) 
and u V E 2^'^ then let z^(p[?i, = min^{ip{k) : k < n A u{k) ^ v{k)}. (Note 
that the minimum is taken in the sense of ^, hence, it is max in the sense of <, 
the usual order). Separately, put (/'['^tj^] = ~1 for any u. 

Now we give the list of requirements. 

(i) if ipin) {p{k) : A; < n} then ^{n) -< ^{k) for any k < n; 

(ii) every is a non-empty i7j subset of R; 

(iii) if u € 2", x G X^, and k < n, then ^p{k) € V(x) ; 

(iv) if u, V e2"- then X„ = X„ t^j,^[„,„] ; 

(v) if u,ve 2" then X^ \4u^[u,v] ^^v \4u^[u,v] =0; 

(vi) Xu^i C Xu for all u G 2<'^ and i = 0,l; 

(vii) maxug2" diam ^ as n — > oo (a reasonable Polish metric on ■^(INI)"^ 
is assumed to be fixed); 

(viii) a certain condition, in terms of the Choquet game, which connects each 
X^Aj with Xu so that, as a consequence, Hn^at" ^ fo'^ a G 2"^ . 

Let us demonstrate how such a system of sets and a function accomplish 
Case 2. According to (vii) and ( viii), for any o, G 2"^ the intersection 
contains a single point, let it be F{a), and F is continuous and 1 — 1. 

Put J = Tamp = {jVn : m G IM}, in the <-increasing order; J C INI is infinite. 
Let n G INI. Then (p{n) 

— jm for some (unique) m : we put ipi"^) — Thus 
V' : N ^ N and the preimage V ^{m) = ^ ^{jm) is an infinite subset of INI 
for any m. This allows us to define a parallel system of sets Yu, u E 2^'^, as 
follows. Put Y\ = ^(IM)'^. Suppose that Yu has been defined, u G 2"^. Put 
j = ip{n) = j^{n). Let K be the number of all indices k < n still satisfying 
fif^) = jj perhaps K = 0. Put Y^Aj = {a; G : x{j){K) = i} for i = 0,1. 

Each of Yu is clearly a basic clopen set in ^(N)'^, and one easily verifies that 
conditions (i) - (vii), except for (iii), are satisfied for the sets Yu (instead of Xu) 
and the map (instead of ip), in particular, for any a G 2'^, Hn^atn ~ {^(^)} 
is a singleton, and the map G is continuous and 1 — 1. (We can, of course, define 
G explicitly: G{a){m){l) = a(n), where n G IM is chosen so that ip{n) = m and 
there is exactly I numbers k < n with V(^) = rn.) Note finally that {G{a) : 
a G 2"^} = since by definition y„Ai U F^aq = Yu for all u. 

We conclude that the map ■!?(x) = F{G~^{x)) is a continuous bijection 
(hence, in this homeomorphism by compactness) ■^(INI)"^ X. We 
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further assert that satisfying the following: for each y, y' G ■^(INI)''""' and m, 

y\4m=y'\4m iff m\4jrr.=^iy')\4jrr.- (*) 

Indeed, let y = G{a) and x = F{a) = i}{y), and similarly y' = G{a') and 
x' = F{a') = '&{y'), where a, a' G 2'^. Suppose that y \^rn = v' t^m • According 
to (v) for V and the sets Yu, we then have m -< u^[a \ n,a' \ n] for any n. 
It follows, by the definition of Jp, that jm ^ i^^la \ n,a' \ n] for any n, hence, 
Xa\n \4jm ~ -^a\n \ ^jm f^r ciny n by (iv). Assuming now that Polish metrics on 
all spaces ^(INI)^-'' are chosen so that diam Z > diam {Z for all Z C ^(INI) 
and j, we easily obtain that x = x' i.e., the right-hand side of (*). 

The inverse implication in (*) is proved similarly. 

Thus we have (*), but this means that i9 is a continuous reduction of Ei to 
El I" X, thus. El <B El I" X, as required. 

□ {Theorem 46 modulo the construction (i) - (viii)) 

9.d The construction 

Recall that R C ^{i^)^ is a fixed non-empty El set such that depx = oo for 
each X € R. Set Xa = R ■ 

Now suppose that the sets X„ C R with u G 2" have been defined and 
satisfy the applicable part of (i) - (viii). 

Step 1. Our 1st task is to choose ip{n). Let {ji < ... < jm} = {fik) '■ k < n}. 
For any 1 < p < m, let Np be the number of all A; < n with <p{k) = jp. 

Case la. If some numbers Np are < m then choose (p{n) among jp with the 
least Np, and among them the least one. 

Case lb: Np > m (then actually Np = m) for all p < m. It follows from our 
assumptions, in particular (iv), that X„ = X^ for all u, v G 2". Let 
Y = Xu \~^jm for aiiy such u. Take any y G Y. Then V(y) is infinite, hence, 
there is some j € V(y) with j -< jm- Put ip{n) = j . 

We have something else to do in this case. Let X'^ = {x € X^ :j G V(y)} 
for any u G 2"^. Then we easily have X!^ = {x G X^ : x G Y'}, where 

Y' = {y G Y : j E V (y)} is a non-empty Ul set, so that the sets X'^ C Xu are 
non-empty Uj. Moreover, as jm is the =^-least in {tp{k) : k < n}, we can easily 
show that the system of sets X'^ still satisfies (iv). This allows us to assume, 
without any loss of generality, that, in Case lb, X'^ = X^ for all u, or, in other 
words, that any x G X^ for any u G 2" satisfies j = <f{n) G V{x). (This is true 
in Case la, of course, because then ^p{n) = ip{k) for some k < n.) 

Note that this manner to choose ^p{n) implies (i) and also implies that (p 
takes infinitely many values and takes each its value infinitely many times. 
The continuation of the construction requires the following 
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Lemma 46.2. // uq e 2" and X' C X^,, is a non-empty S\ set then there is 
a system of sets 7^ C with = X', which still satisfies (iv). 

Proof. For any u G 2", let X'j = {x G X„ : x G X' where n{u) = 

v^IujUq]. In particular, this gives X^^ = X', because v^IuojUq] = —1. The sets 
X^ are as required, via a routine verification. □ {Lemma) 

Step 2. First of all put j = (p{n) and = X^ ■ (All Yu are equal to 
Y in Case lb, but the argument pretends to make no difference between la 
and lb). Take any ui G 2". By the construction any element x G X^^ satisfies 
j G V{x), so that x{j) ^\{x As X„j is a Z'J set, it follows that {x'{j) : 
x' G X„j A x' = X is not a singleton, in fact is uncountable. It follows 
that there is a number Z„j having the property that the El set 

Ki = {y ^ ^u-L : 3x, x' G X„, {x' =x\^j = y A lu-, G xij) A lu-, x'{j))} 

is non-empty. We now put X' = {x G X„^ : x G 1^^^^} and define Ul sets 
7^ X^ C X„ as in the lemma, in particular, X^^ = X', X^^ f^j = Y^^, still (iv) 
is satisfied, and in addition 

Vy G X;^ 3x,x' e X;^ (x' = x = y a lu, G x(j) A x'(j)) (1) 

Now take some other U2 G 2"". Let u = i^^[iti, it2]- If J ^ then X„j = 
-^^^2 SO that we already have, for = ^uu that 

Vy G X;^ r^j- 3 X, x' G X^^ (x' = x f^^- = y A e x(i) A Z^^ ^ a;'(i)) , (2) 

and can pass to some U3 G 2". Suppose that v =<! j. Now things are somewhat 
nastier. As above there is a number l^^ such that 

F4 = {y e : 3x, X G X„2 (x' = X = y A G x(j) A /„2 a;'(j))} 

is a non-empty Tl\ set, thus, we can define X" = {x G X^j : x G Y^^^ and 
maintain the construction of Lemma 46.2, getting non-empty E\ sets X'^ C X^ 
still satisfying (iv) and X^'j = therefore, we still have (2) for the set X'l^^. 

Yet it is most important in this case that (1) is preserved, i. e., it still holds for 
the set X„j instead of X[j^ ! Why is this ? Indeed, according to the construction 
in the proof of Lemma 46.2, we have X'^^ = {x G X^^ : x G X" t^i/}. Thus, 
although, in principle, X^'^ is smaller than X^^, for any y G X^'^ we have 

{x G X'l^ : X = y} = {x G X^^ : x = y} , 

simply because now we assume that v ^ j. This implies that (1) still holds. 

Iterating this construction so that each ii G 2" is eventually encountered, we 
obtain, in the end, a system of non-empty E\ sets, let us call them "new" X^, 
but they are subsets of the "original" X„, still satisfying (iv), still satisfying that 
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ifin) G V(a;) for each x G r\ue2" -^u^ 'Aivl, in addition, for any u & there is a 
number lu such that j -< Viplujv] =^ = ly and 

Vy G X„ 3x, x' G {x' = x\^j = y x{j) A /„ ^ x'{j)) . (*) 

5iep 3. We define the (n + l)-th level of sets by X^aq = {x G : Z„ G x(j)} 
and X„Ai = G : ^ x{j)^ for all w G 2", where still j = (p{n). It follows 
from (*) that all these Ul sets are non-empty. 

Lemma 46.3. The just defined system of sets Xg, s G 2'^'^^, satisfies (iv), (v). 

Proof. Let s = u^i and t = v^i' belong to 2"+-^, so that u, v G 2" and 
i, i' G {0, 1}. Let u = v^lu, v] and v' = Vipls, t] . 

Case 3a: v ^ j = (p{n). Then easily v = u', so that (v) immediately follows 
from (v) at level n for X^ and X^. As for (iv), we have Xg = X^ (be- 
cause by definition Xs = X^ and similarly Xt = X^ therefore, 
Xt = Xs t^z/' since X„ = Xy by (iv) at level n. 

Case 3b: j ^ y and i = i' . Then still u = u' , thus we have (v). Further, 
Xu = Xy by (iv) at level n, hence, Xu = Xy hence, ly = ly (see 
above). Now, assuming that, say, i = i' = 1 and ly = ly = I, we conclude that 

Xs = {yex^\^^ lie y{j)} = {yeXy\^^:le y{j)} = Xt \^^, . 

Case 3c: j < v and i ^ i' , say, z = and i' = 1. Now u' = j. Yet by 
definition Xg = Xy and Xt = Xy so it remains to apply (iv) for 
level n. As for (v), note that by definition / x{j) for any x e Xs = A^^aq 
while / G x{j) for any x G A't = A'„a;^, where I = ly = ly . □ (Lemma) 

Step 4- In addition to (iv) and (v), we already have (i), (ii), (iii), (vi) at level 
n + 1. To achieve the remaining properties (vii) and (viii), it suffices to consider, 
one by one, all elements s G 2"+^, finding, at each such a substep, a non-empty 
Sl subset of Xs which is consistent with the requirements of (vii) and (viii) (for 
instance, for (vii), just take it so the diameter is < 2~"'), and then reducing all 
other sets Xt by Lemma 46.2 at level n + 1. 

□ [Construction and Theorem 46) 

9.e Above Ei 

Recall that an embedding is a 1 — 1 reduction, and an invariant embedding is an 
embedding i? such that its range is an invariant set, see Subsection l.d above. 

Theorem 47 (Kechris and Louveau [29]). Suppose that Ei <b F, where F is 
an analytic ER on a Polish space Y. Then both Ei Cc F and Ei Cg F. 
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Proof. To prove the first statement, let =^ be the inverted order on N, i.e., 
m ^ n iff n < m. Let ^ be the collection of all sets P C ^(INJ)'^ such that 
there is a continuous 1 — 1 map rj : ^(INJ)'^ P such that we have 

for all n and x, y € ^(iNl)''^, where x ["=<;„ = {xi}i^n for any x = {xi} € ^{\S4)^. 
Clearly any such a map is a continuous embedding of Ei into itself. 

This set ^ is a forcing notion to extend the universe by a sequence of reals 
Xi so that each .t„ is Sacks-generic over {xi}is^n, an example of iterated Sacks 
extensions with an ill-founded "skeleton" of iteration, which we defined in [23]. 
Here, the "skeleton" is INI with the inverted order =^ . 

The method of [23] contains a study of continuous and Borel functions on 
sets in In particular it is shown there that Borel maps admit the following 
cofinal classification on sets in : if Y is Polish, P' G and : P' — > Y is 
Borel then there is a set P G ^P, P C P', on which i? is continuous, and either 
a constant or, for some n, 1 — 1 on P in the sense that, 

for all X, y G P : x\^n = y l^n = '&{y) ■ (*) 

We apply this to a Borel map : ,^(INI)'*^ — ^ Y which reduces Ei to F. We 
begin with P' = .^(INI)'^ and find a set P G ^ as indicated. Since i? cannot be 
a constant on P (indeed, any P G *P contains many pairwise Ei-inequivalent 
elements), we have (*) for some n. In other words, there is a 1 — 1 continuous 
map / : P ^ Y (wliere P = {x\^n : x G P}) such that = f{x \^n) 
for all x G P. Now, let x = {xJieiH G ^(INI)'^. Define ({x) = z = {zjjigN so 
that = for i < n and Zn+i = Xi for all i. Finally set '&'{x) = f{r]{(^{x)) \^n) 
for all X G .^(IH)'^ : this is a continuous embedding of Ei in F. 

Now we prove the second claim. We can assume that Y = J^(IM) and that 
7? : .^(INI)''^ — ^(INI) is already a continuous embedding Ei into F. Let Y = 
ran?? and Z = [Y]f. Normally Y, Z are analytic, but in this case they are 
even Borel. Indeed Z is the projection of P = {{z, x) : z f '!?(x)}, a Borel subset 
of ^(IM) X ,^(IM)''^ whose all cross-sections are Ei-equivalence classes, i.e., a- 
compact sets. It is known that in this case Z is Borel and, moreover, there is a 
Borel map f : Z ^{H)^ such that f{z) Ej x whenever z F i?(x) . 

We can convert / to a 1 — 1 map g : ^(IM) — > with the same 

properties: g{z)n = f{z)n for n > 1, but g{z)o = z. Then / : ^(IM)^ ^ Z C 
■^(INI) and g : Z ^ ^(INI)'^ are Borel 1 — 1 maps (i? is even continuous, but this 
does not matter now), and, for any x G ^{hl)^, i9 maps [,t]ej into ['i?(x)]F ^ Z, 
and g maps ['t?(x)]F back into [xJei- It remains to apply the construction from 
the Cantor - Bendixson theorem, to get a Borel embedding, say, F of Ei into 
F with ranP = Z, i.e., an invariant embedding. □ 

The following theorem shows that orbit equivalence relations of Polish group 
actions cannot reduce Ei . 
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Theorem 48 (Kechris and Louveau [29]). Suppose that G is a Polish group and 
)^ is a Borel G-space. Then Ei is not Dorel reducible to Eg . 

Proof. Towards the contrary, let ■!? : ^(N)'^ X be a Borel reduction of Ei to 
E. We can assume, by Theorem 47, that d is in fact an invariant embedding, i. e., 
1 — 1 and Y = ran?? is an E-invariant set. Define, for ^ G G and x G ^(INI)''^, 
g ■ X = '&~^{g ■ 'd{x)). Then this is a Borel action of G on ^(Hsl)"^ such that the 

induced relation E^ coincides with Ei . 
Let us fix X G ^(N)^. 

Consider any y = {yn]n £ Nei- Then [x]ei = Un^n(y)' where each set 
Cn{y) = {y' G ^(iNi)""^ : Vm > n (y„ = y^)} is Borel (even compact). It follows 
that G = |J„ Gn{y), where each Gn{y) = {5 G G : g{x) G Cn{y)} is Borel. Thus, 
as G is Polish, there is a number n such that Gn{y) is not meager in G (then 
this will hold for all n' > n, of course). Let n(y) be the least such an n. 

We assert that for any n the set Yn{x) = {y \ [n, 00) : y G [^cJei A n{x) = n} 
is at most countable. Indeed suppose that Yn{x) is not countable. Note that if 
yi and 1/2 in [x]ei have different restrictions yi \ [n, 00) then the sets C„(yi) 
and Cn{y2) are disjoint, therefore, the sets Gn{yi) and Gn{y2) are disjoint, 
so we would have uncountably many pairwise disjoint non-meager sets in G, 
contradiction. Thus all sets Yn{x) are countable. 

It is most important that Yn{x) depends on [x]ei rather than x itself, more 
exactly, if x' G [x]ei then Yn{x) = Y^ix') : this is because any set Gn{y) in the 
sense of x' is just a shift, within G, of Gn{y) in the sense of x. Therefore, putting 
Y{x) = [j^{u:u G Yn{x)}, where, for u G ^(N)!"'^), u G ^(W)^ is defined 
by u \ [n, 00) = u and u{k) = for A; < n, we have the set Y = U3;e5«(N)'^ ■^(^) 
with the property that Y fl [xJej is non-empty and at most countable for any 
X G ^(N)^. 

The other important fact is that the relation y G Y{x) is Borel: this is 
because it is assembled from Borel relations via the Vaught quantifier "there 
exists nonmeager-many", known to preserve the Borelness. It follows that 

r = {y:3x(y G r^)} = {y:Vx(a; G [y]^, ^ y G F(x)} 

is a Borel subset of l3^{H)^. By the uniformization theorem for Borel sets with 
countable sections, there is a Borel map / defined on ,3^(N)"^ so that f{x) G 
Y{x) for any x, which implies Ei <b Ei \ Y . On the other hand, Ei f F is a 
countable ER by the above, which is a contradiction to Lemma 45. □ 
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10 Actions of the infinite symmetric group 

This Section is connected with the next one (on turbulence). We concentrate on 
a main result in this area, due to Hjorth, that turbulent ERs are not reducible 
to those induced by actions of -Soo- In particular, we shall prove the following: 
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I. Lopez-Escobar: any invariant Borel set of countable models is the truth 
domain of a formula of ^loiuj ■ 

II. Any orbit ER of a Polish action of a closed subgroup of S^o is classifiable 
by countable structures (up to isomorphism). 

III. Any ER, classifiable by countable structures, is Borel reducible to isomor- 
phism of countable ordered graphs. 

IV. Any Borel ER, classifiable by countable structures, is Borel reducible to 
one of ERs . 

V. Any ER, classifiable by countable structures and induced by a Polish action 
(of a Polish group), is Borel reducible to one of ERs on a comeager set. 

VI. Any "turbulent" ER E is generically T^-ergodic for any ^ < wi, in partic- 
ular, E is not Borel reducible to . 

VII. Any "turbulent" ER is not classifiable by countable structures: a corollary 
of VI and V. 

VIII. A generalization of VII: any "turbulent" ER is not Borel reducible to a ER 
which can be obtained from D(INI) using operations defined in §3.c. 

Scott's analysis, involved in proofs of IV and V, appears only in a rather mild 
and self-contained version. 

10. a Infinite symmetric group 

Let Soo be the group of all permutations (i.e., 1-1 maps IM IM) of IM, with 
the superposition as the group operation. Clearly 5oo is a Gg subset of , 
hence, a Polish group. A compatible complete metric on Soo can be defined by 
D{x,y) = d{x,y) +d{x~^,y~^), where d is the ordinary complete metric of INl'^, 
i.e., d{x,y) = 2""^"^, where m is the least such that x{m) ^ y(m). Yet S^o 
admits no compatible left-invariant complete metric [1, 1.5]. 

For instance isomorphism relations of various kinds of countable structures 
are orbit ERs induced by S'oo- Indeed, suppose that jSf = {Ri}i^i is a countable 
relational language, i.e., < card/ < and each Ri is an m^-ary relational 
symbol. We put Mod^ = Yl^i^j ^(N™"*), the space of (coded) ^-structures on 
IM. The logic action of Soo on Mod,;^ is defined as follows: if x = {xi}i£j G 
Mod^ and g G S'oo then y = j^{g,x) = g-x = {yi}i^i £ Mod_5f, where we have 



for all i G I and (fci, /cm.) G IM™'". Then (Mod^ ; j^) is a Polish 5oo-space and 
j_5f-orbits in Mod_jf are exactly the isomorphism classes of jSf -structures, which 
is a reason to denote the associated equivalence relation E"^-^ as =jsf . 

Xsf is often used to denote Mod^ . 
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If G is a subgroup of Soo then j_jf restricted to G is still an action of G on 
Mod_5f , whose orbit ER will be denoted by =^ , i.e., x =^ y iff 3g & G {g-x = y) . 

10. b Borel invariant sets 

A set M C Mod_g' is invariant if [M]^^ = M. There is a convenient charac- 
terization of Borel invariant sets, in terms of ^ujiuj, an infinitary extension of 
^ = {Ri}i^i by countable conjunctions and disjunctions. To be more exact, 

1) any Ri{vo, ...,Vmi-i) is an atomic formula of =5^ ^^-^^^ (all i;,; being variables 
over INJ and mj is the arity of Ri), and propositional connectives and 
quantifiers 3 , V can be applied as usual; 

2) if <pi, i E \s4, are formulas of ^oJio; whose free variables are among a finite 
list vo,...,Vn then Vi V'i /\ifi formulas of ^j^^j^ . 

If X G Mod^, (p{vi, ...,Vn) is a formula of ^cjiuj, and zi,...,z„ G N, then x \= 
ip{ii, ...,in) means that (/^(ii, i„) is satisfied on x, in the usual sense that 
involves transfinite induction on the "depth" of cp, see [26, 16. C]. 

Theorem 49 (Lopez-Escobar, see [26, 16.8]). A setM C. Mod_5f is invariant and 
Borel iff M = {x G Mod^ : x \= ip} for a closed formula cp of ^ui^ui ■ 

Proof. To prove the nontrivial direction let M C Mod_5f be invariant and Borel. 

Put Bs = {g E Soc ■ s C g} for any injective s G N'^'^ (i-e., Si ^ Sj for i ^ j), 
this is a clopen subset of Soc (in the Polish topology of 5*00 inherited from N"^ ). 
If A C Soo then let s \\ — A{g) mean that the set BsT] A is co-meager in Bg^ 
i.e., g & A holds for a. a. g E Soo with s C g. The proof consists of two parts: 

(i) M = {x e Mod^ : A II — g-x & M} (where g-x = j^{g,x), see above); 

(ii) For any Borel M C Mod^ and any n there is a formula (p'^{vo, ...,Vn-i) of 

■^uiiu} such that we have, for every x G Mod^ and every injective s G INI" : 
X \= VM{so,-,Sn-i) iff s ||— g~^-x G M. 

(i) is clear: since M is invariant, we have g-x G M for all .x G M and 
g G ^oo, on the other hand, if y-x G M for at least one g G ^oo then x G M. 

To prove (ii) we argue by induction on the Borel complexity of M. Suppose, 
for the sake of simplicity, that jSf contains a single binary predicate, say, R{-, ■); 
then Modif = ^{H^). If M = {x C H"^ : {k,l) x} for some k, I e then take 

yUo..yUm{Ai<j<miUi¥=Uj) A f\i<^{Ui = Vi) =^ ^R{Uk,Ui)), 

where m = max{Z, A;, n}, as (p'^{vQ, ...,Vn-i)- Further, take 

Afc>n^"0-V«fe_i Vm>fe3^0-3'U;m-l ( Ai<j<fe(^i 7^ ^j) ^ Ai<ni'^i = ^i) 

as cp^j^{vo,...,Vn-i)- Finally, if M = Clj Mj then we take ¥'m,(^o, ^^n-i) 
as ip'f^^{vo, ...,Vn-i) ■ n [Theorem 49) 
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10. c ERs classifiable by countable structures 



The classifiability by countable structures means that we can associate, in a Borel 
way, a countable .if-structure, say, 'i}{x) with any point x G X = dom E so that 
xEy iff 'd{x) and are isomorphic. 

Definition 50 (Hjorth [15, 2.38]). An ER E is classifiable by countable struc- 
tures if there is a countable relational language =Sf such that E <b =^ . □ 



Remark 51. Any E classifiable by countable structures is of course, and 
many of them are Borel. The equivalence relations T2, E3, all countable Borel 
ERs (see the diagram on page 16) are classifiable by countable structures, but 
El, E2, Tsirelson ERs are not. □ 

Theorem 52 (Becker and Kechris [1]). Any orbit ER of a Polish action of a 
closed subgroup of 5(x, is classifiable by countable structures. 

Thus all orbit ERs of Polish actions of Soo and its closed subgroups are Borel 
reducible to a very special kind of actions of 5oo. 

Proof. First show that any orbit ER of a Polish action of 6*00 itself is classifiable 
by countable structures. Hjorth's simplified argument [15, 6.19] is as follows. Let 
X be a Polish /Soo-space with basis {C/i}ieN, and let =Sf be the language with 
relations Rik where each Rik has arity A;. If x G X then define '&{x) £ Kodjc by 



stipulation that {^{x) \= Rik{so, 



,Sk-l, 



iff 1) 



7^ Sj whenever i < j < k, and 



2) \/g G Bg {g -x € Ui), where Bg = {g £ Soo ■ s C g} and s = (sq, Sfe-i) G 
Then 1? reduces to . 

To accomplish the proof of the theorem, it remains to apply the following 
result (an immediate corollary of Theorem 2.3.5b in [1]): 

Proposition 52.1. If G is a closed subgroup of a Polish group IH and X is a 
Polish G-space then there is a Polish h\-space Y such that E^ <b EJ^ . 

Proof. Hjorth [15, 7.18] outlines a proof as follows. Let y = X x IH ; define 
{x,h) fa {x',h') if x' = g-x and h' = gh for some 5 G G, and consider the 
quotient space Y = y/« with the topology induced by the Polish topology of 
Y via the surjection {x.,h) ^ [(x,/i)]f«, on which IH acts by /i' • [(x, ^)]Ri = 
[(x, hh'~^)]Ki. Obviously E^ <b E^ via the map x ^ [(.t, 1)]^, hence, it remains 
to prove that Y is a Polish H-space, which is not really elementary — we refer 
the reader to [15, 7.18] or [1, 2.3.5b]. □ (Proposition) 

To bypass 52.1 in the proof of Theorem 52, we can use a characterization 
of all closed subgroups of 5oo- Let ^ be a language as above, and x G Mod_jf . 
Define Aut^; = {g E Soo ■ g-x = x} : the group of all automorphisms of x. 

Proposition 52.2 (see [1, 1.5]). G C Soo is a closed subgroup of Soo iff there 
is an ^-structure x G Mod_2' of a countable language such that G = Autx . 
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Proof. For the nontrivial direction, let G be a closed subgroup of Soo- For 
any n > 1, let /„ be the set of all G-orbits in INJ", i.e., equivalence classes of 
the ER s ^ t iii 3g E G {t = g o s), thus, is an at most countable subset 
of ^(INJ"). Let / = \Jn^n, and, for any i G In, let Ri be an n-ary relational 
symbol, and .if = {-Rjjjg/. Let x € Modjf be defined as follows: if i G then 
X \= Ri{ko, ...,kn-i) iff {ko, ...,kn-i) G i- Then G = Antx, actually, if G is not 
necessarily closed subgroup then Aut^; = G . □ {Proposition) 

Now come back to Theorem 52. The same argument as in the beginning of the 
proof shows that any orbit ER of a Polish action of G, a closed subgroup of S^o, 
is <B —%> for an appropriate countable language =5f. Yet, by 52.2, G = kutyg 
where yo € Kodj^' and =Sf' is a countable language disjoint from Jf. The map 
X I — > {x, yo) witnesses that =^ <b — _^u^' ■ 

□ {Theorem 52) 

10. d Reduction to countable graphs 

It could be expected that the more complicated a language .if is accordingly the 
more complicated isomorphism equivalence relation =^ it produces. However 
this is not the case. Let ^ be the language of (oriented binary) graphs, i.e., ^ 
contains a single binary predicate, say R{-, ■) . 

Theorem 53. If ^ is a countable relational language then =^ <b There- 
fore, an ER E is classifiable by countable structures iff E <b In other words, 
a single binary relation can code structures of any countable language. 

Becker and Kechris [1, 6.1.4] outline a proof based on coding in terms of 
lattices, unlike the following argument, yet it may in fact involve the same idea. 

Proof. Let HF(lNJ) be the set of all hereditarily finite sets over the set INI con- 
sidered as the set of atoms, and e be the associated "membership" (any n G IM 
has no e-elements, {0,1} is different from 2, etc.). Let — hf(n) be the HF(N) 
version of i.e., ii P, Q C. HF(IM)^ then P ~hf(n) Q means that there is a 
bijection b of RF{h\) such that Q = bP = {{b{s),b{t)) : {s,t) G P}. Obviously 
{=») ~B (-HF(N))) thus, we have to prove that =^ <b -hf([H) for any ^ . 

An action of Sq^. on HF(N) is defined as follows. If 5 G Sqo then gon = g{n) 
for any n G IM, and, by e-induction, g o {oi, ...,an} = {g ° ai, •••,5' o a„} for all 
ai, ...,a„ G HF(INI). Clearly the map a 1— > goa {a G HF(IM)) is an £-isomorphism 
of HF(INI), for any fixed g G ^oo- 

Lemma 53.1. Suppose that X, Y C HF(IM) are s-transitive subsets of HF(IM), 
the sets IM \ X and N \ F are infinite, and e \ X ~hf(n) £ \ Y . Then there is 
f e Soo such that Y = foX = {fos: seX}. 
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Proof. It follows from the assumption e \ X =hf(n) ^ \ ^ that there is an e- 

isomorphism vr : X Y. Easily vr |" (X n N) is a bijection of Xq = X n N onto 
Iq = ^ n IM, hence, there is / G S^o such that / \ Xq = it \ Xq, and then we 
have f o s = 7r(s) for any s G X . □ [Lemma) 

Coming back to the proof of Theorem 53, we first show that =(^(^rn) — hf(n) 
for any m > 3, where ^{m) is the language with a single m-ary predicate. Note 
that {ii,...,im) € HF(lNJ) whenever ii,...,i„i € N. 

Put 6(x) = : s € x} for every element x € Mod^(„) = where 

??(s) = TC£({(2ii,...,2i^)}) for each s = {ii,...,im) G IM™, and finally, for 
X C E.F{h\), TC^{X) is the least e-transitive set T C BF{h\) with X C T. It 
easily follows from Lemma 53 that x =<^(^m) y iff ^ t Q{x) — hf(n) ^ \ ©(z/)- This 
ends the proof of =^(^) <b ^hf(n) • 

It remains to show that <b — hf(n)) where jSf' is the language with 

infinitely many binary predicates. In this case Mod^/ = ^(tt^J^)"^, so that we can 
assume that every x G Kod^/ has the form x = {xn}n>i, with x„ C (N \ {0})^ 
for all n. Let Q{x) = {sn{k,l) : n > 1 A {k,l) & Xn} for any such x, where 

Sn{k,l) = TCe{{{...{{k,l)}...} , 0}), with n + 2 pairs of brackets {, }. 

Then is a continuous reduction of to ~Hp(|fg) . □ [Theorem) 

10. e Borel countably classified ERs: reduction to 

Equivalence relations of § 3.c offer a perfect calibration tool for those Borel 
ERs which admit classification by countable structures. First of all. 

Proposition 54. Every admits classification by countable structures. 

Proof. To, the equality on INJ, is the orbit ER of the action of 5oo by g-x = x 
for all g, x. The operation (o2) of §3.c (countable disjoint union) easily preserves 
the property of being Borel reducible to an orbit ER of continuous action of 5oo- 
Now consider operation (o5) of countable power. Suppose that a ER E on a 
Polish space X is Borel reducible to F, the orbit relation of a continuous action 
of 5oo on some Polish Y. Let D be the set of all points x = {xk}ke\ti € X'^ 
such that either x^ f- xi whenewer k I, or there is m such that x^ E xi iff m 
divides \k - l\. Then E°° <b (E°° \ D) (via a Borel map ■& : ^ D such that 
x E°° ??(,t) for all x). On the other hand, obviously (E°° |" D) <b F', where, for 
y, y' e Y^, y F' y' means that there is / G 6*00 such that yk F ^'^^ ^■ 
Finally, F' is the orbit ER of a continuous action of 5oo x Soo^, which can be 
realized as a closed subgroup of 5*00, so it remains to apply Theorem 52.1. □ 

The relations Tq, are known in different versions, which reflect the same idea 
of coding sets of a-th cumulative level over INI, as, e.g., in [18, § 1], where results 
similar to Proposition 54 are obtained in much more precise form. 
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Theorem 55. // E is a, Bortl EH classifiable by countable structures then E 
for some ^ < ivi . 

Proof. The proof (a version of the proof in [9]) is based on Scott's analysis. 
Define, by induction on a < uJi, a family of Borel ERs =" on Ihi^'^ x ^(INJ^) : 

• A=%B means (s, A) =° {t, B) ■ 

thus, all {s,t E INI^'^) are binary relations on .^(INI^), and among them all 
relations =% are ERs; 

• A=%B iff A{si,Sj) B{ti,tj) for all i, j < Ihs = Iht; 

• A='^+'B iff VA:3/(^=^fc,i.;i?) and VZ3M^^^fc,iA,i?); 

• if A < is hmit then: A B iff A =% B for all a < A . 

Easily =^ C whenever a < /3 . 

Recall that, for .4, S C InJ^, A B means that there is / G with 
A{k,l) ^ B{f{k).f{l)) for all k, I. Then we have C f]^^^_^ =1^ by induc- 
tion on a (in fact = rather than C, see below), where A is the empty sequence. 
Call a set P C ^(tt^J^) x ^(tt^J^) unbounded if P n ^ for all a<aji. 

Lemma 55.1. Any unbounded Ti\ set P contains {A,B) G P with A=(f B. 

It follows that A^^ B iff A =%f^ B for all a<ui (take P = {{A,B)}). 

Proof. Since P is Sj, there is a continuous map 

let Pu = {F{a) :u C a € There is a number no such that P(no) is still 

unbounded. Let ko = 0. By a simple cofinality argument, there is Iq such that 
P{no) is still unbounded over {ko), (lo) in the sense that there is no ordinal 
a < LOi such that P^j^j ("1=^^^^^^^^ = 0. Following this idea, we can define infinite 
sequences of numbers n^, km, Im such that both {km}me^ and {/m}meN are 
permutations of hi and, for any m, the set P(no,...,nm) i^ still unbounded over 
{ko, km), {lo,---,lm) in the same sense. Note that a = {nm}me\i^ £ iNi and 
F{a) = {A,B) e P (both A, B are subsets of tt^J^). 

Prove that the map f{km) = Im witnesses A =<:^ B, i. e., A{kj, ki) iff B(lj, li) 
for all j, i. Take m > ma.x{j,i} big enough for the following: if {A',B') G 
P{io,...,im) then A(kj,ki) iff A'{kj,ki), and similarly B(lj,li) iff B'{lj,li). By the 
construction, there is a pair {A',B') G P(io,...,i^) with A' =lko,...,km}{lo,-,lru) 
in particular, A'{kj,ki) iff B'{lj,lj), as required. □ (Lemma) 

Corollary 55.2 (See, e.g., Friedman [9]). If E is a Borel ER and E <b =^ 
then E <b =aa for some a < wi . 
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Proof. Let -i? be a Borel reduction of E to =g?. Then {('i?(x), : x ^y} is a 
Til subset of ^(INJ^) x i3^(lNJ^) which does not intersect hence, it is bounded 
by Lemma 55.1. Take an ordinal a < uji which witnesses the boundedness. □ 

Now, if E is a Borel ER classifiable by countable structures then E <b — ^ 
by Theorem 53, hence, it remains to establish the following: 

Proposition 55.3. Any ER is Borel reducible to some . 

Proof. We have =° <b Tq since =^ has countably many equivalence classes, 
all of which are clopen sets. To carry out the step a i— > a + 1 note that the map 
{s,A) {{s^k,A)}k^i^ is a Borel reduction of ="^+^ to (=°)°°. To carry out 
the limit step, let A = {a„ : n G INJ} be a limit ordinal, and R = VneN i- e., 
R is a ER on INJ x INJ<'^ x ^(INJ^) defined so that {m,s,A) R {n,t,B) iff m = n 
and A B. However the map {s,A) t— »■ {(m, s, yl)}mGN is a Borel reduction 
of =^ to R°°. □ (Proposition) 

□ {Theorem 55) 

11 Turbulent group actions 

This is an entirely different class of orbit ERs, disjoint with those which admit 
classification by countable structures. 

11. a Local orbits and turbulence 

Suppose that a group G acts on a space X. If G C G and X C X then let 

R^ = {{x,y)eX^:3geGix = g-y)} 

and let ~q denote the ER-hull of R^, i.e., the C-least ER on X such that 
X Rq y =^ X ~^ y. In particular ~^ = E^, but generally we have ^ Eg f X. 
Finally, define iffix,X,G) = [x]^x = {y £ X : X y} for x G X — the local 
orbit of X. In particular, [x]g = [x]^y. = i^{x, X, G), the full G-orbit of x G X . 

G 

Definition 56 (This particular version taken from Kechris [28, § 8]). Suppose 
that X is a Polish space and G is a Polish group acting on X continuously. 

(tl) A point ,T G X is turbulent if for any open non-empty set X C X containing 
X and any nbhd G C G (not necessarily a subgroup) of l©, the local orbit 
^{x,X,G) is somewhere dense (i.e., not a nowhere dense set) in X. 

(t2) An orbit [x]g is turbulent if x is such (then all y G [a::]G are turbulent). 
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(t3) The action (of G on X) is generically or gen. turbulent and X is a gen. 
turbulent Polish G-space, if the union of all dense, turbulent, and meager 
orbits [x]c is comeager. □ 

Our proof of the following theorem, based on ideas in [15, § 3.2], [28, § 12], 
[9], is designed so that only quite common tools of descriptive set theory are 
involved. It will also be shown that "turbulent" ERs are not reducible actually 
to a much bigger family of ERs than orbit ERs of Polish actions of S^x, ■ 

Theorem 57 (Hjorth [15]). Suppose that G is a Polish group, X is a. gen. 
turbulent Polish G-space. Then Eg is not BM reducible to a Polish action of 
Sooi hence, not classifiable by countable structures. 

We begin the proof with two rather simple technical results. 

Lemma 57.1. In the assumptions of the theorem, suppose that 7^ X C X is 
an open set, G C G is a nbhd of 1g, and i?{x,X,Q) is dense in X for X -co- 
meager many x & X. Let U, W C. X be non-empty open and D C. X comeager 
in X. Then there exist points x E D HU and x' E D D U' with x ~^ x' . 

Proof. Under our assumptions there exist points xq & U and x'q G W with 
xq'^qx'q, i. e., there are elements gi,...,gn G GUG~^ such that Xq = gn' 9n-i' 9i 
and in addition gk- ■■■■ gi-xo G X for all k < n. Since the action is continu- 
ous, there is a nbhd Uq ^ U of xq such that g^-.-.-gi-x G X for all k and 
9n' 9n-i' 9i'X G U' for all x G J/q- Since D is comeager, easily there is 
X E UqC] D such that x' = 9n-9n-i ■ ■■■■gi-x E: U' D D . □ (Lemma) 

Lemma 57.2. In the assumptions of the theorem, for any open non-empty U C 
X and G C. C with 1q E G there is an open non-empty U' C. U such that the 
local orbit ff{x,U' ,G) is dense in U' for U' -comeager many x E U' . 

Proof. Let IntX be the interior of the closure of X. If x E U and ff{x,U,G) 
is somewhere dense (in U) then the set Ux = U Ci Int ff{x,U,G) C U is open 
and ~^-invariant (an observation made, e.g., in [28, proof of 8.4]), moreover, 
ff{x, U, G) C Ux, hence, ff{x, U, G) = G{x^ Ux, G). It follows from the invariance 
that the sets Ux are pairwise disjoint, and it follows from the turbulence that 
the union of them is dense in U. Take any non-empty Ux as U' . □ [Lemma) 

ll.b Ergodicity 

The non-reducibility in Theorem 57 will be established in a special stronger form. 
Let E, F be ERs on Polish spaces resp. X, Y. A map i? : X ^ Y is 

In this research direction, "generically", or, in our abbreviation, "gen." (property) intends 
to mean that (property) holds on a comeager domain. 

Reducible via a Baire measurable function. This is weaker than Borel reducibility, of course. 
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• E, f -invariant if xEy =^ 'i}{x) F 'd{y) for all x, y G X ; 

• gen. E, F-invariant if x E y =^ F holds for all x, y ma comeager 
subset of X ; 

• gen. F-constant if F for all x, y in a comeager subset of X. 

Finally, following Hjorth and Kechris, say that E is gen. F-ergodic if every BM 
E, F-invariant map is gen. F-constant. 

Proposition 57.2. E is gen. F-ergodic if and only if every Borel gen. E, F- 
invariant map is gen. F-constant. 

Proof. Let E, F live in resp. X, Y. Suppose that ?9 : X ^ Y is a Borel gen. 
E, F-invariant map. There is a Borel comeager set D C X on which i? is E, F- 
invariant. Then we can extend 19 \ D to a BM map : X ^ Y which is still 
(everywhere) E, F-invariant. This proves implication =^ of the lemma. To prove 
the opposite implication, let : X ^ Y be a BM E, F-invariant map. Then ^9 \ D 
is Borel for a suitable comeager Borel set D C X. Let ??' be any Borel extension 
of 1? t -D to the whole X . □ 

Proposition 57.3. Suppose that E is gen. F-ergodic and does not have a comea- 
ger equivalence class. Then E is not Borel reducible to F . □ 

This is exactly how the non-reducibility is often established. Our proof of 
Theorem 57 is of this type. It consists of two parts 

Lemma 57.4. If G is a Polish group, X a Polish G-space, and E^ is BM 
reducible to a Polish action of S^d, then there is a comeager G5 set Z) C X 
such that \ D is Borel reducible to one of ERs . 

In other words, any ER, BM reducible to a Polish action of ^oo, is "generi- 
cally" Borel reducible to one of T^. Note that any ER Borel reducible, in proper 

sense, to one of T^, is Borel. 

Lemma 57.5. Any ER induced by a gen. turbulent Polish action is gen. T^- 
ergodic for every ^ . 

□ {Theorem 57 modulo 57.4 and 57.5) 

Yet there are cases when E is neither F-ergodic nor Borel reducible to F, for instance, 
among the ERs of the form . 

^'^ There are slightly different ways to the same goal. Hjorth [15, 3.18] proves outright and 
with different technique, that any gen. turbulent ER is gen. ergodic w.r.t. any Polish action of 
Soa- Kechris [28, § 12] proves that 1) any gen. T2-ergodic ER is gen. ergodic w.r.t. any Polish 
action of Soo, and 2) any turbulent ER is gen. T2-ergodic. 
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ll.c "Generical" reduction of countably classified ERs to 

Here, we prove Lemma 57.4. Suppose that G is a Polish group, X a Polish G- 
space, and the orbit ER E = is BM reducible to a Polish action of ^oo- Then, 
according to Theorems 52 and 53, there is a BM reduction p : X ^ ^(INJ^) 
of E to the isomorphism of binary relations on INI. The remainder of the 
argument borrows notation from the proof of Theorem 55. 

There is a dense Gg set Dq C X such that 'd = p \ Dq is continuous on Dq. 
By definition, we have xEy =^ =^ and x =^ ■i}{x) for 
all X, y E Dq. We are mostly interested in the second implication, and the aim 
is to find a Gg dense set D C Dq such that, for some a < wi, we have 

(*) implication x =^ ^^(x) '&{y) holds for all x, y E D . 

(Recall that A j^<^ B iff 3a < wi ^4 B, see a remark after Lemma 55.1.) 

To find such an a we apply a Cohen forcing argument. Let us fix a countable 
transitive model 9Jt of ZFHC, i.e., ZFC minus the Power Set axiom but plus 
the axiom: "every set belongs to HC = {x : x is hereditarily countable}". 

We shall assume that X is coded in 971 in the sense that there is a set D-^ G Tt 
which is a dense (countable) subset of X, and dx \ D-^ (the distance function of 
X restricted to Dx ) also belongs to 9Jt. Further, G, the action, Z^O; are also 
assumed to be coded in 9Jt in a similar sense. In this assumption, in particular, 
the notion of a Cohen generic, over DJl, point of X, or of G, makes sense, in 
particular, the set D of all Cohen generic, over 931, points of X is a dense G5 
subset of X and D Q Dq. We are going to prove that D fulfills (*) . 

Suppose that x. y E D, and {x,y) is a Cohen generic, pair over 9Jt. If xE^y 
is false then we have i9(x) '&iy), moreover, this fact liolds in 9Jl[x,y] by 
the Mostowski absoluteness, hence, arguing in TX[x, y] (which is still a model 
of ZFHC) we find an ordinal a G Ord^ = Ord^l^'^'l with ^?(x) i?(y). 
Moreover, since the Cohen forcing satisfies CCC, there is an ordinal a € 971 such 
that we have ??(x) '&{y) for every Cohen generic, over 9JJ, pair (x, y) £ 
such that X Eg y is false. It remains to show that this also holds when x, y E D 
(are generic separately, but) do not form a pair, Cohen generic over 97t. 

Let 5 G G be Cohen generic over 9Jl[.x,y]. Then x' = g-x is easily Cohen 
generic over 93t[x, y] (because the action is continuous), furthermore, 
hence, x' E^ y fails. Yet y is generic over 93t and x' is generic over 93t[y], thus, 
(x', y) is Cohen generic over 971, hence, we have 'i?(x') i?(y) by the choice 
of a. On the other hand, i9(x) '&{x') holds because thus, we finally 

obtain 't?(x') '&{y)i as required. 

□ {Lemma 57.4) 

In this case, we cannot, generally speaking, define 9Jl[a;,3/] as a generic extension of SOT, 
hence, let S!7t[a;,j/] be any (countable transitive) model of ZFHC containing x, y, and all sets 
in 9Jt. It is not really harmful here that SJJl[a;,j/] can contain more ordinals than 9Jl. 
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11. d Ergodicity of turbulent actions w. r.t. 

Here, we prove Lemma 57.5. The proof involves a somewhat stronger property 
than gen. ergodicity in § ll.b. Suppose that F is an ER on a Polish space X . 

• An action of G on X and the induced equivalence relation are heredi- 
tarily generically [h. gen., for brevity) F-ergodic if ER ~^ is generically F- 
ergodic whenever X C. X is a non-empty open set, G C. C is a non-empty 
open set containing le, and the local orbit ^{x,X,G) is dense in X for 
comeager (in X ) many x E X . 

This obviously implies gen. F-ergodicity of provided the action is gen. turbu- 
lent. Therefore, Lemma 57.5 is a corollary of the following theorem: 

Theorem 58. Let be a gen. turbulent Polish G-space. Suppose that an ER 
F belongs to ^o, the least collection of EEs containing D(Il\l) (the equahty on 
INI) and closed under the operations (ol) - (o5) of §3.c. Then E^ is h. gen. F- 
ergodic, in particular, is not Borel reducible to F . 

Remark 58.1. Due to the other creative operation, the Fubini product, 
contains a lot of ERs very different from , among them some Borel ERs 
which do not admit classification by countable structures, e.g., all ERs of the 
form E ^, where is one of Frechet ideals, indecomposable ideals, or Weiss 
ideals of §2.f. (In fact it is not so easy to show that ideals of the two last families 
produce ERs in ) In particular, it follows that no gen. turbulent ER is Borel 
reducible to a Frechet, or indecomposable, or Weiss ideal. □ 

Our proof of Theorem 58 goes on by induction on the number of applications 
of the basic operations, in several following subsections. 

Right now, we begin with the initial step: prove that, under the assumptions 
of the theorem, is h.gen. D(INI)-ergodic. Suppose that X C X and G C G are 
non-empty open sets, 1g G C, and ff{x, X, G) is dense in X for X-comeager 
many x G X, and prove that ~^ is generically D(IM)-ergodic. 

Consider, accordingly with Proposition 57.2, a Borel gen. D(IM)-invariant 
map ■!? : X — ^ INI. Suppose, on the contrary, that i? is not gen. D(INI)-constant. 
Then there exist two open non-empty sets C/i, U2 C X, two numbers £1 ^ (■2-, 
and a comeager set -D C X such that ■d{x) = £1 for all x G D n ?7i, 'd{x) = I2 
for all X G L>ni72) and 1? is "strictly" D(IM)-invariant. Lemma 57.1 yields 
a pair of points xi EU\f\ D and X2 G C/2 H with X\ X2, contradiction. 

ll.e Inductive step of countable power 

To carry out this step in the proof of Theorem 58, suppose that 

• X is a gen. turbulent Polish G-space, F is a Borel ER on a Polish space Y, 
and the action of G on X is h. gen. F-ergodic, 



11 TURBULENT GROUP ACTIONS 



72 



and prove that the action is h. gen. F°°-ergodic. Fix a nonempty open set C X 
and a nbhd Go of 1q in G, such that ^(x, Xq, Gq) is dense in Xq for Xo-comea- 
ger many x G Xq. Consider, accordingly to Proposition 57.2, a Borel function 
■d : Xq^Y'^, r^Q°, F°°-invariant on a dense Gs set Do C Xq, so that 

x~^Ox' =^ yk3l {^k{x)f=^i{x')) : for all X, X G Do , 

where 'i?fc(x) = i9{x){k), i9k : Xq ^ Y, and prove that i9 is gen. F°°-constant. 

Below, let Cx be the Cohen forcing for X, which consists of rational balls 
with centers in a fixed dense countable subset of X, and let Cg be the Cohen 
forcing for G defined similarly (the dense subset is assumed to be a subgroup). 
Smaller sets are stronger conditions. Let us fix a countable transitive model 9Jt 
of ZFHC (see above), which contains all relevant objects or their codes, in 
particular, codes of the topologies of X, G, Y and the Borel map •& . 

Claim 58.2. Suppose that (x,5f) G X x G is Cx x Cc-generic over Tl. Then 
g ■ X is C^-generic over dJl. (Because the action is continuous.) □ 

Coming back to the theorem, fix A: G INI. Consider an open non-empty U C Uq. 
By the invariance of i? and Claim 58.2 there are conditions C/' G Cx, U' C U, 
and Q G Cg, Q C Gq, and a number /, such that i?fe(x) F'&i{g ■ x) holds for any 
Cx X Ce-generic over 9K pair {x,g) G U' xQ. As Q is open, there is G QDdJl 
and a nbhd G C. Gq of 1g such that goG C. Q . 

Claim 58.3 (The key point of the turbulence). // x, x' G U' are Cj,-generic 
over Tl and x ~g x' then we have 'i?A;(x) F??yt(x'). 

Proof. We argue by induction on n{x, x') = the least number n such that there 
exist gi,...,gn G G satisfying 

(*) x' = gn-gn-i-----gi-x, and g^- gi-x e U' for all k<n. 

Suppose that n(x,x') = 1, thus, x = h-x' for some h E G. Take any Ce-generic, 
over 9Jl[x,x'] (see Footnote 26) element g G QUQ~^, close enough to go for g' = 
gh~^ to belong to Q. Then g is C© -generic over 9Jt[x], hence, {x,g) is Cx x Cg- 
generic over StJt by the product forcing theorem. Therefore i?fc(x) ^ 'di{g ■ x). 
Moreover, g' also is CG-generic over 9H[x'], so that 'i?fc(x') ^ '&i{g' ■ x') by the 
same argument. Yet we have g' ■ x' = gh~^ • {h • x) = g ■ x . 

As for the inductive step, suppose that (*) holds for some n > 2. Take a CG- 
generic, over S[)T[x], element g[ E G close enough to gi for ^2 = 92gigi~^ to 
belong to G and for x* = -x to belong to U'. Note that x* is Cx-generic over 
SPt (product forcing) and n(x*,x') < n — 1 because g2-x* = g-2-gi-x . □ {Claim) 

To summarize, we have shown that for any k and any open ^ ^ U C. Uo 
there exist: an open set 7^ C [/, and an open G C Gq with 1g G G, such 
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that "dkix) is gen. F-invariant on W. We can also assume that the orbit 
ff{x, U', G) is dense in U' for f/'-comeager many x £ U', by Lemma 57.2. Then, 
by the h. gen. F-ergodicity, i?^ is gen. F-constant on U', that is, there is a dense 
Gs set D' C U' and y' e Y such that 'dk{x) f y' for all x G D' . 

We conclude that there exist: an ?7o-comeager set D C Uq, and a countable 
set Y = {uj : J G iNi} C Y such that, for any k and for any x G D there is j 
with Fyj. Let //(x) = UfceinO • ^fe(^) f^yj}- Then, for any pair x, x' G D, 

??(x) F°° '&{x') iff r7(x) = rj{x'), so that, by the invariance of we have: 

a; x' ry(x) = rj{x') : for all x, x' & D . (*) 

It remains to show that r/ is a constant on a comeager subset of D . 

Suppose, on the contrary, that there exist two non-empty open sets Ui, U2 ^ 
Uq, a number j G INI, and a comeager set D' C D such that j G rj{xi) and 
j r](x2) for all xi G D' n Ui and X2 G D' nU2. Now Lemma 57.1 yields a 
contradiction to (*), as in the end of §ll.d. 

□ (Inductive step of countable power in Theorem 58) 

ll.f Inductive step of the Fubini product 

To carry out this step in the proof of Theorem 58, suppose that 

• X is a gen. turbulent Polish G-space, for any k, F^ be a Borel ER on a 
Polish space Y^, the action of G on X is h.gen. F^-ergodic for any k, and 
F = Hfc Ffc / Fin is, accordingly, a Borel ER on Y = Hfc , 

and prove that the action is h. gen. F-ergodic. 

Fix a nonempty open set C/q C X and a nbhd Go of 1g in G, such that Uq- 
comeager many orbits ff(x,Uo,Go) with x & Uq are dense in Uq. Consider a 
Borel function : Uq ^ Y, ~Go' F-invariant on a dense Gg set Dq C Uq, i. e., 

^ ~Go y ^ 3^0 Vfc > fco {^k{x) Ffc i^k{y)) ■ for all x,y e Dq, 

where t^ki^) = '&{x){k), and prove that 1? is gen. F-constant. 

Consider an open non-empty set U C Uq. By the invariance of i9 and 
Claim 58.2 there are conditions U' G Cx, U' C U, and Q G Cg, Q C Gq, 
and a number ko, such that '&k{x) Ffc i?fc(g' ■ x) holds for all k > ko and for any 
Cx X Ce-generic over Tl pair {x,g) of x £ U' and g £ Q- As Q is open, there 
is go £ Q nWl and a symmetric nbhd G C. Gq of 1g such that goG C. Q . 

Claim 58.2. If k > ko and points x, y £ U' are C-^-generic over dJl and 
X y "^kix) Ffe "dkiy) ■ (Similarly to Claim 58.3.) □ 
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Thus, for any open non-empty U C Uq there exist: a number ko, an open 
non-empty U' C [/, and a nbhd G C. Gq of 1g, such that "dkix) is gen. , F^- 
invariant on U' for all k > kg. We can assume that i7'-comeager many orbits 
^{x,U' ,G) are dense in U', by Lemma 57.2. Now, by the h.gen. F^-ergodicity, 
any 'dk with k > kg is gen. F^-constant on such a set W , hence, "i? itself is gen. 
F-constant on U' since F = Y\j^ F^ / Fin. It remains to show that these constants 
are F-equivalent to each other. 

Suppose, on the contrary, that there exist two non-empty open sets Ui, U2 C 
Uq and a pair of y f^y' in Y such that ??(.x) Fy and 'd{x') Fy' for comeager many 
X G Ui and x' G U2- Contradiction follows as in the end of § 11. e. 

□ {Inductive step of Fubini product in Theorena 58) 
ll.g Other inductive steps 

Here, we accomplish the proof of Theorem 58, by carrying out induction steps, 
related to operations (ol), (o2), (o3) of §3.c. 

Countable union. Suppose that Fi, F2, F3, ... are Borel ERs on a Polish space 
Y, and F = Ffc is still a ER, and the Polish and gen. turbulent action of G 
on X is h. gen. F^-ergodic for any k, and prove that it remains h. gen. F-ergodic. 

Fix a nonempty open set Uq and a nbhd Go of 1g in G, such that Uq- 
comeager many orbits &{x.,Uq,Gq) with x ^ Uq are dense in Uq. Consider a 
Borel function i? : [/q ^ Y, , F-invariant on a dense Gs set Dq C Uq. It 
follows from the invariance that for any open 9 U C Uq there exist: a number 
k and open non-empty sets U' C. U and Q C Go such that i}(x) F^ i}(g ■ x) 
holds for any Cx X Ce-generic, over SPt, pair {x,g) G U' X Q. We can find, as 
above, go E Q CidJl and a nbhd G C Go of 1g such that g^G C Q. Similarly to 
Claims 58.3 and 58.2, we have i9{x) Ffc'!?(.T') for any pair of Cx-generic, over 9Jt, 
elements x, x' G U', satisfying It follows, by the ergodicity, that is 

Fjfc-constant, hence, F-constant, on a comeager subset of U'. It remains to show 
that these F-constants are F-equivalent to each other, which is demonstrated 
exactly as in the end of § ll.e. 

Disjoint union. Let F^ be Borel ERs on Polish spaces Y^, k = 0,1,2, ... . By 
definition, = Ufc ^'k^ where each F'^ is a Borel ER defined on the space 

Y = Ufe{^} X Yfc as follows: {l,y) F'^ {l',y') iff either I = I' and y = y' or 
I = 1' = k and y^kU' ■ 

Countable product. Let F^ be ERs on a Polish spaces Y^. Then F = F^. 
is a ER on the space Y = Hfc'^fe- ™3,p : X ^ Y, to be gen. E, F- 

invariant (where E is any ER on X) it is necessary and sufficient that every 
co-ordinate map = ^ix)(k) is gen. E, Ffc-invariant. This allows to easily 

accomplish this induction step. 
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□ {Theorem 58, Lemma 57.5, Theorem 57) 

ll.h An application to the shift actions of ideals 

Say that a Borel ideal ^ C i^(lNJ) is special if there is a sequence of reals r„ > 
with {vn} — > 0, such that ^{r„} ^ Nontrivial in the next theorem means: 
containing no cofinite sets. 

Theorem 59. Suppose that 2f is a nontrivial Borel special ideal, and F belongs 
to the family of Theorem 58. Then is generically F-ergodic, hence, is 
not Borel reducible to F . 

Proof. The "hence" statement follows because by the nontriviality all Ej»-equiv- 
alence classes are meager subsets of ^(INJ). 

As ^ is special, let {r^} ^ be a sequence of positive reals such that 
-5^{r-„} ^ It obviously suffices to prove that Ej^^} = Ey^^^^j is generically 
F-ergodic. Further, by Theorem 58, it suffices to prove that the shift action of 
'^{rn} i^(lNi) is Polish and gen. turbulent. 

The ideal ^{r„} is easily a P-ideal, hence, a polishable group (with A as the 
operation). For instance, -^{r„} is a Polish group in the topology generated by 
the metric d{j,^}(a, 6) = 93{r„}(a A6) on ^{r^}, where 

• nrnji^) = ^nex^n for X G ^(N), SO that y^rn} = ■■ nrn}i^) < +°°} ■ 

The shift action of ^{r„} by x-y = x Ay on ^(INI) (considered in the product 
topology; ^{U) is here identified with 2'*^) is then continuous. It remains to 
verify the turbulence. 

Let x G ^(INI). The orbit [a;]^^^^^j = '^{r„} A x is easily dense and meager, 
hence, it suffices to prove that a; is a turbulent point of the action. Consider an 
open set X C containing x, and a djr^j-hbhd G of (the neutral element 

of we may assume that, for some k, X = {y € : y fl [0, fc) = u}, 

where u = x H [0, fc), and G = {g E '^{r„} '■ ^io) < for some £ > 0. Prove 
that the local orbit ff{x,X,G) is somewhere dense in X . 

Let / > k be big enough for rn < £ for all n > I. Put v = x (1 [0,1) and 
prove that ^(x, X, G) is dense in y = {y € ^{h\) : y Ci [0,1) = v}. Consider an 
open set Z = {z E.Y : zCl [l,j) = w}, where j > I, w C [l,j). Let z be the only 
element of Z with z n [j, +00) = x fl [j, +00), thus, x A z = {li, 1^} C [l,j). 
Each gi = {li} belongs to G by the choice of / (indeed, li > I). Moreover, easily 
Xi = gi A gi-i A ... A gi A X = {li, U} A x belongs to X for any i = 1, m, 
and Xm = z, thus, z G 0'{x,X,G), as required. □ 

The next corollary returns us to the discussion in the end of § 3.b. 

Corollary 60. The equivalence relations Cq and E2 are not Borel reducible 
to any ideal F in the family of Theorem 58, in particular, are not Borel 
reducible to T2 . 
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Proof. According to lemmas 20 and 21, it suffices to prove that the ideals ifo 
(density 0) and ^[i/n] are special. The latter is special by definition. As for the 
former, see ??? (that y{i/n} Q ^o)- D 
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12 Ideal J^3 and the equivalence relation E3 

The ideal x Fin is traditionally denoted by J^s. It consists of all sets x C 
i^(lNJ X INJ) such that all cross-sections = {k : {n,k) G x} are finite. It 

defines the ER E3 = EjTg on =^(INJ x IM) by x E3 y iff x A y G J^^. But we rather 
consider E3 as an ER on ^{hl)^ defined by x E3 y iff x(n) Eq y{n) for all n : 
here x,y belong to ■^(INI)'^ . 

12. a Ideals below J^s 

Lemma 61. Fin <b -^3. ^3 and J^i are <^-incomparahle. 

Proof. To see that Fin <b -^3 take '&{x) = {(n,0) -.n e x}. That J^3 -^1 
can be shown as follows: otherwise by Theorem 40 J^a would be isomorphic either 
to one of Fin, J^i, or to a trivial variation of Fin, which can be easily shown to 
be not the case. To see that ^1 -^3 recall that ^3 = x Fin is of the form 
Exh^ for a l.s.c. submeasure (Example 5) and apply Theorem 41. □ 

The following theorem is analogous to Theorem 40, yet the method of its 
proof is absolutely different. 

Theorem 62 (Kechris [27]). // <b is a Borel (nontrivial) ideal on INI 
then either = ^3 or is a trivial variation of Fin . 

Proof. First of all we make use of Theorem 41: ^b according to Lem- 
ma 61, therefore, y = Exh^ for a l.s.c. submeasure on INI. We can w.l.o.g. 
suppose that (p{x) < 1 for any x G Now put Un = {k : (p{{k}) < ^}. 

We assert that lim„_>oo ^{Un) = 0. Indeed, otherwise ^{Un) > £ for some 
e > and all n. As if is l.s.c. we can choose a sequence of numbers n\ < 
n2 < n3 < ... and for any I a finite set wi C Um \ t^ni+i with (p{wi) > e. 
Then W = {]iWi ^ J' and obviously W{{k})}keW 0. Note that the Borel 
ideal !^ = \ W satisfies ^ <b ^ (via the identity map), because W ^ J' . 
On the other hand, 2f is isomorphic to a special ideal (see § ll.h) via the order 
preserving bijection of W onto INI. It follows from Theorem 59 that E^ is not 
Borel reducible to any equivalence relation in hence, neither is E_/. But 
E^3 = E3 obviously belongs to which is a contradiction because <f <ji •^3- 

Thus ^p{Un) 0. Then clearly a set x G belongs to iff a; n {Un \ 

Un+i) is finite for any m, which easily implies that J' is as required. □ < — 

check the 

prooM 

12. b Assembling equivalence relations 



The next theorem, similar to a couple of results above, will be used in the proof ^ 
of a dichotomy theorem related to E3 . 
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Theorem 63. Suppose that X, Y are Polish spaces, P C X x Y is a Borel set, 
E is a Borel ER on P, and G is a countable group acting on X in a Borel way 
so that {x, y) E (x', y') implies x x' . Finally, assume that E \ P{x) is smooth 
for each x € X, where P{x) = {{x',y) E P : x' = x}. Then E is Borel-reducible 
to a Borel action of G . 

Proof. We can assume that X = Y = 2"^ and both P and E are A\. We 
can also assume that the action of G (a countable group) is A\. Then clearly 
xE^x' ^ A\{x) = Al{x'). Define = UaeG P{a-x) for x G X . 

Claim 63.1. Suppose that {x,y) and {x',y') belong to P and xE^x'. Then 
{x,y) E {x',y') iff the equivalence {x,y) G U <^=> {x',y') G U holds for any 
E \P*{x) -invariant A\{x) set U C P*{x). 

Proof. Note that E \ P*{x) is still smooth by Theorem 28 because G is count- 
able. In addition E \ P*(x) is ^J(x). This observation yields the result, because 
otherwise, i.e., if the ER, defined om P*{x) by intersections with E f P*(x)-in- 
variant ^i(a:;) sets, is coarser than E \ P*{x), then it is known from the proof of 
the 2nd dichotomy theorem (Theorem 35) that we would have Eg <b E \ P*{x), 
a contradiction with the smoothness. □ {Claim) 

For any x G X let E{x) be the set of all e G INJ which code a ^{(x) subset 
of P, and, for e G E{x), let W| be the /\J(x) subset of P coded by e. (It is 
known that {(x,e) : e G E{x)} is il|.) Let inv(x, e) be the formula 

X G X A e G E{x) A C P*(x) A W| is E t P*(x)-invariant . 

Corollary 63.2. Let (x, y), {x',y') be as in Claim 63.1. Then (x,y) E {x'. y') 
iff {^tU) ^ W§ <^=^ {x',y') G holds for any e with inv(x, e) . □ 

Implication of the "iff in this Corollary can be considered as a property 
of the nl set C = {(x,e) : inv(.T,e)}, i.e., the property that 

• for all pairs {x,y) and {x',y') in P with x E^ x', we have: 

if V (x, e) G C ((x, y)eWl^ (x', y') G W|) then (x, y) E (x', y') . 

This is easily a i7| property in the codes, hence, by the III Reflection, there is 
a A\ set B C. C satisfying the same property, that is, we have 

Corollary 63.3. Let (x, y), {x',y') be as in Claim 63.1. Then {x,y) E {x',y') 
iff {x,y) £ <^=^ {x',y') G holds for any e with (x,e) G P. □ 

To continue the proof of the theorem, define, for any (x,y) G P, 

Dxy = {{a,e) : a G G A (a-x,e) e B A {x,y) e W^.^} . 

Clearly {x,y) >->■ D^^y is a A\ map P — > ^{G x INI). 

If i:> C G X tt^J and 6 G G then put hoD = {(a6-^ e) : (a, e) G £>} . 
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Claim 63.4. Suppose that {x,y) and {x',y') belong to P, 6 G G, and x' = h-x. 

Then (x, y) E (x', y') iff b o D^y = D^,y, . 

Proof. Assume that b o Dxy = Dx'y'. According to Corollary 63.3, to prove 
{x,y) E {x',y') it suffices to sliow that {x,y) G W| <^=^ {x',y') £ W| holds 
whenever {x,e) E B. We have 

{x, y)eWl^ (A, e) G D^y ^ {b-\ e) G D^.y. ^ {x' , y') G V^U.^, = W| , 

as required. Conversely, let {x,y)E{x' ,y'). If (o,,e) G D^y then {a-x,e) G B and 
(x, y) G WJj.^, hence, {x',y') G W^.^., too, because the set W^.^ is invariant 
and (x,y) E {x',y'). Yet a-x = ab~^-x', therefore, by definition, {ab~^,e) G 
Dx'y'. The same argument can be carried out in the opposite direction, so that 
(a, e) G Dxy iff {ab~^,e) G D^'y', that means boD^y = D^'y' . □ {Claim) 

To end the proof of the theorem, consider Z = X x ^(G x INI), a Polish 
space. Define a Borel action b-{x,D) = {b-x,b o D) of G on Z. We assert that 
'd{x,y) = {x,Dxy) is a Borel reduction of E f P to the action E|. Indeed, let 
{x,y) and {x',y') belong to P. Suppose that (x,y) E {x',y'). Then x E^ x', so 
that x' = b-x for some 6 G G. Moreover, bo D^y = D^'y' by Claim 63.4, hence, 
'i}{x',y') = b-'&{x,y). Let, conversely, '&{x',y') = b-'d{x,y), so that x' = b-x and 
Dx'y' = bo Dxy. Then {x,y) E (x',y') by Claim 63.4, as required. □ 

12. c The 6th dichotomy 

Theorem 64 (Hjorth and Kechris [16, 17]). // E <b E3 is a Borel ER then 
either E <b Eq or E ~b E3 . 

Proof (a modification of the proof in [17]). We may assume that E is a zlj 
ER on a recursively presented Polish space X, and there is a A\ reduction 
?? : X ^ ^(N)^ of E to E3. Let Q = rani?, a S\ subset of . 

For X, y G .^^^(IM)''^ and n G IM, define x =„ y iff x E3 y and x |~<,i = y 
(the latter requirement means Xk = yk for all k < n). For n,k,p & IM put 

<kp = {AC ^(jg)^ : A is El A Vx,y G A (x =„ y ^ Xfc A yfe C [0,p))} . 

Claim 64.1. If A E s^nkp then there is a A\ set B G s^nkp with AC B . 
Proof. (Reflection) □ {Claim) 

Put Ankp = [j{A : A G ^nkp} and A = \J^ f]^^^ (J^ yl^^p 

Case 1: Q Q A. Case 2: otherwise. 

Hjorth and Kechris [17] define .e/nkp with Wx,y G Q f] A instead of V.x,?y £ A. Let us 
use .g^'^fcp to denote their version, thus, Ji/nkp C s/^kp- However if Case 1 holds in the sense of 
J^nkp then it also holds in the sense of J^nkp because A € J^nkp iff AflQ € s^nkp ■ 
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12.d Case 1 

We are going to prove that in this case E <b Eq. 

As easily A is i7| by Claim 64.1 and a standard computation, there is a A\ 
set R such that Q Q R C A. Thus, for E <b Eq it suffices now to prove 

Lemma 65. E3 f i? <b Eq for any A\ set RCA. 

Proof. By Kreisel Selection there exists a A\ map u : R ^ \s4 such that 

VA; > u{x) 3p3Be K(x),k,p {x e B e A\) 

for any x E R. Let i?„ = {x & R: ^{x) < n}, these are increasing A\ subsets 
of R, and R = [Jj^Rn- According to Theorem 34, it suffices to prove that 
E3 \ Rn <B Eq for any n. Thus let us fix n. By definition we have 

^ X ^ Rn^k>n3p^B e i2^nkp{x e B e A\) . (*) 

Recall that C is the least class of sets containing all open sets and closed 
under the A-operation and the complement. A map / is called C-measurable iff 
all /-preimages of open sets belong to C . 

Claim 65.1. For any n there is a C-measurable map f : R^ ^ ,5^(11x1)'^ such 
that f{x) = f{y) =n X whenever x, y E Rn satisfy x =„ y . 

Proof. Let ^ C be the il^ set of all codes of A\ subsets of J^(IhJ)^, and let 
We C ^(INJ)^ be the A\ set coded by eeE. We have, by (*), 

Vx G -R„ V/s > ra 3p 3 e G E (x G We G J^nkp) , 

and an ordinary application of the Kreisel selection yields a pair of A\ maps 
TT, e : Rn X N ^ InJ such that e(x, k) & E and x G Wi;(^.j..k) ^ '^n.k.TT(x.k) hold 
whenever x G Rn and k > n. Let n{x,k) and e{x,k) to be the least, in the 
sense of any fixed recursive a;-long wellordering of INI x INI, of all possible pairs 
Tr{x',k) and £{x',k) with x' G Rn r\ [x]=^. Then tt and e are =„-invariant 
in the 1st argument. In addition, we have Wg(.j.^k) € 'S^n,k,w{x,k) and the set 
= Rn n [x]=^ n Wg^j. ;,-) is nonempty, whenever x G Rn and k > n. 

Let X G Rn. For any k > n, the set Y^k = {vk '■ U & ^xk} ^ <^(IM) is finite 
(and nonempty) by the definition of ^nkp > thus, let fk{x) be the least member 
of Yxk in the sense of the lexicographical order of J^{hl) . Define f{x) G ■^(INI)'^ 
so that f{x)k = Xfc for A; < n and /(x)^ = fk{x) for k >n. 

That f{x) = f{y) whenever x =n y follows from the invariance of e and tt. 
To see that /(x) x note that by definition /fe(x) Eq x^ for > n : indeed, 
fk{x) = yk for some y G [a;]=„, but x =„ y implies x^ Eq yk for all k. Finally, 
the C-measurability needs a routine check. □ {Claim) 
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For any u G =^(IM)" let Rn{u) = {x e Rn ■ x \<n = u} ■ 
Claim 65.2. If u e ^(tt^J)" then E3 \ Rn{u) is smooth. 

Proof. As E3 and coincide on Rn{u), the relation E3 \ Rn{u) is smooth via 
a C-measurable, hence, a Baire-measurable map. Suppose, towards the contrary, 
that it is not really smooth, i.e., via a Borel map. Then, by the 2-nd dichotomy 
theorem, we have Eq <b E3 \ Rn(u), hence, Eq turns out to be smooth via a 
Baire-measurable map, which is easily impossible. □ {Claim) 

To complete the proof of the lemma, let G = ^in(l^)", acting on X = <^(lNl)" 
componentwise and by A at each of the n co-ordinates, so that, for u, v G X, 
we have uE^v iff Eq for all k < n. Let us apply Theorem 63 with G and X 
as indicated, and P = Rn and E = E3 f Rn, Claim 65.2 witnesses the principal 
requirement. We obtain: E3 \ Rn is Borel reducible to a ER induced by a Borel 
action of G. Yet G is the increasing union of a countable sequence of its finite 
subgroups, hence, any ER induced by a Borel action of G is hyperfinite, hence, 
Borel reducible to Eq . 

□ {Lemma 65 and Case 1 in Theorem 64) 

12.e Case 2 

Then the Sl set H = Q ^ A is non-empty. Our idea will be to define a Borel 
subset X of H such that E3 \ X E3, the "or" case of Theorem 64. 

By definition, H = r\nUk>n^nk, where Hnk = H Up^nfcp- Note that 

Hnk = {x e H ■.yp\/ A e A\ {x e A ^ A ^ ^nkp)} 

by Claim 64.1, and hence Hnk is ^1 by rather elementary computation. 

Let h be any recursive bijection IM, increasing in each argument. Put 

L{n) = maxjr : 6(r, 0) < n} - thus for any £ > L{n) we have b{£,j) > n, Vj. 

The splitting system used here will contain non-empty sets Xg C ^{hl)^ , 
s G 2^^', numbers A,v„, m G iNi, and elements gg G .^(INI)'^, s G 2^'^, satisfying 
the following requirements (i) - (vi): 

(i) -^A ^ H, Xg/^i C Xg, diam < 2"^^, and a certain condition, in terms 
of the Clioquet game, holds, connecting each X^Aj with Xg so that, as a 
consequence, P|„ Xa\n 7^ for any a G 2"^ . 

(ii) < A;o < A;i < . . . and Xqu+i C nr<L(n) ■ 

(iii) If s G 2""*"^ then gs{i) is finite for all i and = for all i > kL^n)'-: in 

addition, g^n+i {i) = for all i . 

Recall that 0™ is a sequence of m zeros. 
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(iv) For any s G 2"+\ we have Vx G Xqu+i 3y e Xg {y =fei(„) 9s -x); 

(v) 
(vi) 

□ {Theorem 64) 



13 Summable ideals 

Farah [6, § 1.12] gives the following classification of summable ideals =^{r„}) 
based on the distribution of numbers r„ : 

(51) Atomic ideals: there is e > such that the set A^ = {n : Vn > e} is infinite 
and satisfies fi^mji^^e) < +oo. In this case =^{r„} = {X : XdA^ E Fin}; 
Kechris [27] called such ideals trivial variations of Fin . 

(52) Dense (summable) ideals: ^0. 

(53) There is a decreasing sequence of positive reals — > sich that all sets 
Dn = A^n+i \ a-i's infinite. 

(54) Ideals of the form Fin © dense : there is a real £ > such that the set A^ 
is infinite, iJ.{r„}i^A^) = +oo, and liJ^n-*oo , neCA, = 0. 

In the sense of <b, all ideals of types (S2), (S3), (S4) are equivalent to each 
other, and all ideals of type (SI) are equivalent to each other, so that we have 
just 2 summable ideals modulo ~B) namely. Fin and ^{i/n}- The structure 
under <rb or <be is much more complicated (Farah ?). 



define © 
somewhere-\ 



13. a A useful lemma 

Lemma 66 (Attributed to Kechris in [13]). Suppose that A, X are Borel sets, 
E is a Borel ER on A, and p : A X is a Borel map satisfying the following: 
first, the p-image of any E-class is at most countable, secong, p-images of any 
different E-classes are disjoint. Then E is an essentially countable ER. 

Proof. The relation: x Ry iff x, y E Y belong to the p-image of one and the 
same E-class in A, is a ER on the set Y = rant?, moreover, 

RCP = {{x,y) : ^3a, b e A{a ^bAx = p{a) Ay = p{b))} , 

where P is 11} , hence, there is a Borel set U with R C [/ C P, in particular, 
U n {Y X Y) = R. As all R-equivalence classes are at most countable, we can 
assume that all cross-sections of U are at most countable, too. 

For fl,a: € ^(N)'^, g-x = y G ^{H)*^ is defined by y{n) = g{n) A x{n), V n . 



13 SUMMABLE IDEALS 



83 



Now it suffices to find a Borel ER F with R C F C [/. Say that a set Z C X 
is "stable" if U Ci (Z x Z) is a ER, for example, Y is "stable". We observe that 
the set Dq = {y -.YU {y} is "stable"} is 11} and satisfies Y C Dq, hence, there 
is a Borel set Zi with Y C Zi C Dq. Similarly, 

Di= {y e Zi:Y \J {y, y'} is "stable" for any y G Zi) 

is nj and satisfies Y (1 Di by the definition of Z\, so that there is a Borel set 
Z2 with Y Z2 ^ Di. Generally, we define 

Dn = {y' ^ Zn-.Y \J {yi, ...,yn,y'} is "stable" for all yi, ...,yn G 

find that Y C and choose a Borel set Z„ with Y C Zn C Dn- Then, by 
the construction, Y C Z — f]^^ Z„,, and, for any finite Z' C Z, the set Y U Z' is 
"stable", so that Z itself is "stable", and we can take F = U (1 {Z x Z) . □ 

13. b Under the summable ideal 

Subsets of IM will be systematically identified with their characteristic functions. 

For a, b E 2^ put a Ab = {n : a{n) 7^ b{n)} (identified with the function 
c(n) = 1 iff a(n) b{n)) and E(a, 6) = X^neaAbTITT' C^^i^ t)e a nonneg- 
ative real or +00.) Generally, we define E^(a, 6) = J2neaAb, k<n<m7^^ 
accordingly S^(a,6) = EnGaAfe, fe<n<oo HTT- Define E(a) = E{n:a(n)=i} HTT 
and similarly S^(a) and S^(a). 

Recall that the summable ideal is defined as 

^{i/n} = {ae2^ :S(a) <+oo}. 

(The notation ^2 and J^o is also used.) E|i/„j. will denote the associated Borel 
ER on 2^, i.e., aE^i/^} b iff E(a,6) < +00. 

Theorem 67. Lei E be a Borel ER on a Polish space X, and E <b E{i/„j.. 
T/ien either E ~b ^{i/n} or E is essentially countable. 

Proof. This is a long proof. Let 1? : X ^ 2"^ be a Borel reduction E to E{i/„}.. 
We can assume that ?? is in fact continuous: indeed it is known that there is a 
stronger Polish topology on X which makes i9 continuous but does not add new 
Borel subsets of X. Now, as any Polish X is a 1 — 1 continuous image of a closed 
subset of INI , we can assume that X = IM . 

Finally, we can assume that is A\, not merely Borel. 

U a e A and g G Q+ then let Gal^(a) be the set of all 5 G ^ such 

that there is a finite chain a = ao, ai, On = b of reals ai E A such that 
S(aj,ai+i) < q for all i, the q-galaxy of a in A. 
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Definition 67.1. A set yl C 2^ is q-"grainy", where q G Q+, iff S(a,6) < 1 
for all a € A and b G Gal^(a). A set A is "gramy" if it is g-"grainy" for some 
q G Q"^. (In other words it is required that the galaxies are rather small.) □ 

Claim 67.2. Any q-"grainy" Z"} set ^4 C 2'^ is covered by a q-"grainy" A\ set. 

Proof, The set Dq = {b e 2^ : AU {b} is g-"grainy"} is i7| and A C Dq, 
hence, there is a Al set Bi with A C. Bi C Dq. Note that ^U{a} is (/-"grainy" 
for any a G Bi. It follows that the 7T| set 

Di = {b e Bi : AU {a, b} is g-"grainy" for any a e Bi} 

still contains A, hence, there is a A\ set B2 with A C B2 C Di C Bi. Note 
that A U {01,02} is g-"grainy" for any ai, 02 G i?2- In general, as soon as we 
have got a A\ set B^ with A C i?„ and such that {ai, ...,a„} is g-"grainy" 
for any oi, ...,a„ G -B„, then the i7| set 

-Dn = G : A U {ai, a„, 6} is g-"grainy" for any ai, a„ G -B„} 

contains A, hence, there is a A\ set with A C C D„ C _B„ . 

As usual in similar cases, the clioice of the sets Bn can be made effective 
enough for the set B = f\^Bn to be still A\, not merely Borel. On the other 
hand, A C B and B is ^'-''grainy". □ (Claim) 

Coming back to the proof of the theorem, let C be the union of all "grainy" 
A\ sets. An ordinary computation shows that C is iT|. We have two cases. 

Case 1: rani? C C. Case 2: otherwise. 

13. c Case 1 

We are going to prove that, in this case, E is essentially countable. First note 
that, by Separation, there is a A\ set H* C 2^ with ram? C H* C C . 

Fix a standard enumeration {VFejeeE of all A\ subsets of 2'^, where, as 
usual, C INI is a iT| set. By Kreisel Selection, there exist A\ functions a 1 — ^ 
e(a) and a 1 — > q{o,), defined on H*, such that for any a G H* the A\ set 
W{a) = Wc(^a) contains a and is g(a)-"grainy". The final point of our argument 
will be an application of Lemma 66, where p will be a derivate of the function 
G(a)=Ga4';)^)(a). We prove 

Claim 67.2. If a e H* then 7a = {G{b) : b G [a]E{i/„} n H*} is at most 
countable. 



^° The result can be achieved as a routine application of a reflection principle, yet we would 
like to show how it works with a low level technique. 
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Proof. Otherwise there is a pair of e E E and q G Q and an uncountable 
set B C [a]E^j/„j n H* such that q{b) = q and e(6) = e for any b € B and 
G{b') 7^ for any two different 6,6' G -B. Note that any G(b), 6 G -B, is a 

(^-galaxy in one and the same set W{a) = W{b) = We, therefore, ii b ^ b' E B 
then 6' G(6) and 'E{b,b') > q. On the other hand, as .B C [qJe^j/^j, we have 
S(a, 6) < +00 for all b € B, hence, there is m and a still uncountable set B' C. B 
such that E^(a,6) < q/2 for all 6 G S'. Now take a pair of 6 7^ 6' G B' with 
6 \ [0,m) = 6' \ [0, m) : then E(6, 6') < q, contradiction. □ (Claim) 

It follows that X I— > G{'&{x)) maps any E-class into a countable set of galaxies 
G{a). To code the galaxies by single points, let S{a) = [j^{b \ m:b € G{a)}. 
Thus S{a) C 2^^^ codes the Polish topological closure of the galaxy G{a) . 

Claim 67.3. // a,b E H* and a ^{i/n} ^ then b does not belong to the 
(topological) closure of G{a), in particular, b\m ^ S{a) for some m. 

Proof. Take m big enough for E™^^(a,, b) > 2. Then s = b \ m does not belong 
to S{a) because any a' G G{a) satisfies S(a, a') < 1. □ (Claim) 

Elementary computation shows that the sets 

G = {{a,b) -.aeH* AbeG(a)} and S = {{a, s) : a e H* A s e S(a)} . 

belong to Ul, but this is not enough to claim that a S(a) is a Borel map. 
Yet we can change it appropriately to get a Borel map with similar properties. 
First of all define the following Z'J ER on H* : 

a F 6 iff e(a) = e(6) A q(a) = q(b) A G(a) = G(b) . 

(To see that F is Sl note that here G(a) = G(h) is equivalent to 6 G G(a), 
and that G is I!\.) It follows from Claim 67.3 and Kreisel Selection that there 
is a A\ function fi : H* x H* h\ such that for any pair of a, 6 G H* with 
a ^{i/n} b we have 6 \ fJ,(a,b) ^ S(a). Then the set 

R(a) = {6 \ n(a', b) : a',b e H* AaF a' Aa' 6)} C 2<'^ 

does not intersect S(a), for any a G H*, hence, the Ul set 

R = {(a,s) :aeH* Ase R(a)} 

does not intersect S. Note that by definition R is F-invariant w.r.t. the 1st 
argument, i.e., if a, a' G H* satisfy af a' then R(a) = R(a'). It follows from 
Lemma 35.2 that there is a A\ set Q C H* x 2<'^ with S C Q but Rn Q = 0, 
F-invariant in the same sense. Then the map a 1— > Q(a) = {s : Q(a,s)} is A\. 

Claim 67.4. Suppose that a, 6 G H*. Then: aFb implies Q(a) = Q(b) and 
^{i/n} b implies Q(a) 7^ Q(b) . 
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Proof. The first statement holds just because Q is F-invariant. Now suppose 
that a ^{i/n} b- Then by definition s = b \ iJ.{a,b) € R{a), hence, s ^ Q{a). On 
the other hand, s G S{h) C Q{h) . □ [Claim) 

Define r(x) = Q{^{x)) for x G INJ^, so that r is a A\ map ^ ^(2<'^) . 

Claim 67.5. // x G (Nl"^ i/jen = {T{y) : y G [x]^} is at most countable. 

Proof. Suppose that y, z E [x]e. Then a = 'd{x), b = T^{y), and c = i!}{z) belong 
to H*, and 6, c G [a]E{i/„}- It follows from Claim 67.4 that if G{b) = G{c), 
e{b) = e(c), and q{b) = q(c), then Q{b) = Q{c). It remains to note that G takes 
only countably many values on H* Ci [a]E^^/^y by Claim 67.2. □ (Claim) 

Finally note that, if x ^ y G iNi then i^{x), ^{y) belong to H* and satisfy 
-dl^x) f-{i/n} ^(y)) hence, r(x) ^ T{y) by Claim 67.4. Thus, the Borel map r 
witnesses that the given ER E is essentially countable by Lemma 66. 

13.d Case 2 

Thus we suppose that the Z!\ set B* = ran-i? \ C is non-empty. Note that, by 
Claim 67.2, there is no non-empty U\ "grainy" set A (1 B* . 

Let = {a G 2"^ : s C a} for s G 2<'^ and = {x G IM^ : u C x} for 
ue'H^'^ (basic open nbhds in 2*^ and tt^J^ ). 

If ^, S C 2^ and m, A; G iNi, then A R^^ B will mean that for any a e A 
there is 6 G -B with S^(a,&) < 2^™, and conversely, for any b € B there is 
a E A with S^(a, 5) < 2^™. This is not a ER, of course, yet the conjunction of 
A R^^ B and B R^^ C implies A R^"^ C. 

0"* will denote the sequence of m zeros. 

To prove that ^{i/n} E in Case 2, we define an increasing sequence of 
natural numbers = fco < A:i < ^2 < and also objects ^4^, gg, Vg for any 
s G 2^'^, which satisfy the following list of requirements (i) - (viii). 

(i) if s e 2™ then gs G 2^"" , and s Ct =^ gg C gt; 

(ii) $^AsCB*n^g^, As is El, and s C t ^ At C Ag . 

(iii) if s G 2" then ^o" R>t^ Ag ; 

(iv) if s G 2", m < n, s(m) = 0, then Ej;™+^"\g^,go-) < 2-"^-^ ; 

(v) if s G 2-, m < n, s{m) = 1, then 50-) " 7^1 < 2""*-^ ; 

(vi) if s,t G 2", m < n, s(m) = t(m), then \J:l2'^'~^{9s,9t)\ < 2-"" ; 

(vii) if s G 2" then Vg G INI", and s Gt C i;* ; 

(viii) ^ C {a G : i?-i(a) n 7^ 0} . 
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We can now accomplish Case 2 as follows. For any a € 2'^ define F{a) = 
Un^aN ^ ^'^ (*^^ ^'^ly element satisfying ga\n ^ ^i'^) for all n) and p(a) = 
Un^aCn £ 1^^'^- It follows, by (viii) and the continuity of that F{a) = ■d{p{a)) 
for any o € 2"^. Thus the next claim proves that p is a Borel (in fact, here 
continuous) reduction ^{i/n} to E and ends Case 2. 

Claim 67.2. The map F reduces ^{i/n} ^{i/n}-i t^c-t equivalence 
a E{i/„} h F{a) E^y^y F{b) holds for all a, 6 G 2"^ . 

Proof. By definition E(F(a),F(6)) = liiii„_oo So"~^(£?a \nj9b\n)- However it 
follows from (iv), (v), (vi) that 

|S^-'(5arn,56rn)-Sr'(«r^,&rn)| < ^m<J-"' < 2. 

We conclude that |S(i^(a), F(6)) - S(a,6)| < 2, as required. □ {Claim) 

13. e Construction 

The construction goes on by induction. To begin with we set A;o = 0, = A 
and A\ = B*. Suppose that, for some n, we have the objects as required for all 
n' < n, and extend the construction on the level n + 1 . 

As Aqu is not "grainy" (see above), there is a pair of elements a^, G Aqu 
such that |E(a°,a^) - ^| < 2-"-^. Note that a° \ K = \ K by (i) and (ii), 

hence, there is kn+i > kn such that 1^^.""*"^ ^(«°)«^)~7^| < 2"""^. According 
to (iii), for any s G 2" there exist 6°, b] G Ag such that and E^(a%6!,) < 2"""^ 
for i = 0, 1; we can, of course, assume that b^n = a*. Moreover, the number 
kn+i can be chosen big enough for the following to hold: 

< 2"""^ - for all s G 2" and i = 0, 1. (1) 

We let Qs^^i = bl \ kn+i for all s^z G 2"+^. This definition preserves (i). To 
check (iv) for s' = s^O e 2"+^ and m = n, note that 

To check (v) for s' = s^l G 2"+^ and m = n, note that 

|SJr-\5.',50".0-TiiTl < Sj--\6,\a^) + |Ej--\a°,a^)-;^| < 2—^ 

To fulfill (vii), choose, for any s^i G 2"^^^, a sequence Vg^i G IM""'"^ so that 
Vs C i^sAj and there is ■^•y^Ai ^"1 ''?~'^(^'l) 0- 

Let us finally define the sets Ag' Q A^, for all s' = s^i E 2"+^ (so that 
s G 2" and i = 0, 1). To fulfill (ii) and (viii), we begin with 

= {a G ^ n ^g^^^ : ^-\a) H ^^^^^ + 0} . 
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This is a subset of Ag, containing 6*. To fulfill (iii), we define Aqu+i to be 
the set of all a € A'^^„+i such that 

Vs' = s^ G 2"+i 36 G A^, i^Z+ii^^b) < 2-"-3) ; 

this is still a Sl set containing b^n = a° by (1). It remains to define, for any 
s^i^ 0"+^, AgAi to be the set of all b e A'^^i such that 

36g^o«+i K+,(a,6)<2-"-=^). 
This ends the definition for the level n + 1 . 

□ {Construction and Theorem 67) 

14 Co-equalities 

Suppose that (Xj, ; dk) is a finite metric space for each /c G INJ. Farah [7] defines 
an equivalence relation D = D((Xfe ; dk)) on X = HfeeN -^k as follows: 

xDy iff liui dkixk,yk) = 0- 

k^oo 

ERs of this form are called cq- equalities. In addition, D{{Xk; dk)) is nontrivial 
if linisup;i._,^ diam(Xyt) > (otherwise D{{Xk] d^)) makes everything equiva- 
lent). Every CQ-equality is easily a Borel ER, more exactly, of class Ilg. 

14. a Some examples and simple results 

Example 68. (1) Let = {0, 1} with 4(0, 1) = 1 for all k. Then clearly the 
relation D((Xfc ; 4)) on 2^ = FlfciO' 1} is just Eq . 

(2) Let Xki = {0, 1} with 4^(0, 1) = k'^ for all k, I G Then the relation 
D((Xh;4;)) on 2^x^=nM{0'l} just E3 = EoxFin. 

(3) Generally, if = no < J^i < ^^2 < •■• and (fi is a submeasure on [nj,ni+i), 
then let = .^([nj, nj+i)) and di{u,v) = ipi{uAv) for u, v C. [nj,ni+i). Then 
D((Xj;dj)) is clearly isomorphic to E^, where 

= Exh(</?) = {x C INI : lim ip{x fl [n, oo)) = 0} 

n— »oo 

and ip{x) = sup- (pi{x n [n-j, nj+i)) . 

(4) Let Dniax = D((Xfe:4)), where X^ = {0, |, |, 1} and 4 is the dis- 
tance on Xk inherited from R. □ 

Proposition 69 (Farah [7] with a reference to Oliver). (i) D^ax ~b Zq ; 
(ii) if D is a CQ-equality then D <b Dmax, moreover, D <a D^ax ■ 
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Thus Dmax is a maximal, in a sense, among co-equalities. 

Proof, (i) It is clear that D^ax is the same as Cq f X, where X C IR""^ is defined 
as in the proof of Lemma 20, where it is also shown that cq ~b cq t X . 

(ii) To prove D <b Dmaxj it suffices, by (i) and Lemma 20, to show that 
D <B Cq. The proof is based on the following: 

Claim 69.1. Any finite n-element metric space {X ; d) is isometric to an n-ele- 
ment subset of (R"; pn), where Pn be the distance on IR" defined by pn{x,y) = 
maxi<„ \xi-yi\. 

Proof of the claim. Let X = {xi, . . . ,Xn}. It suffices to prove that for any 
k 7^ I there is a set of reals {ri, . . . , r„} such that \rk — ri\ = d{xk, xi) and 

(*) \fi ^ dij = d{xi,Xj) for all i, j . 

We can assume that k = 1 and I = n. 

Step 1 . There is a least number hi > such that (*) holds for the numbers 
{0,0,... ,0,/?.} for any < h < hi. Then, for some k, 1 < fc < n, we have 

n— 1 times 

hi — Q = dkn exactly. Suppose that k 1; then it can be assumed that k = n — 1. 

Step 2. Similarly, there is a least number /i2 > such that (*) holds for the 
numbers {0,0,... ,0,h,hi + h} for any < h < /12. Then, for some k,!/, 1 < 

n— 2 times 

k<n — l<i'<n, we have h2 — = d}~u exactly. Suppose that k ^1; then it 
can be assumed that k = n — 2. 

Step 3. Similarly, there is a least number h^ > such that (*) holds for the 
numbers {0, 0, ... , 0, h, /i2 + /i, /ii + /12 + h} for any < h < /13. Then again, for 
n—3 times 

some kjV, 1 < k < n — 2 < v < n, we have ^3 — = dku exactly. Suppose that 
k 1; then it can be assumed that k = n — S. 
Et cetera. 

This process ends, after a number m, {m < n) steps, in such a way that the 
index k obtained at the final step is equal to 1. Then (*) holds for the numbers 

{ 0,0, ,0 , rn-m+l, ■Tn-m+l, ■ ■ ■ , Tn], where rn-m+3 = hm + hm-1 H h/im-j+l 

n—m times 

for each j = \, . . .m. Moreover it follows from the construction that there is a 
decreasing sequence n = ko > ki > k2 > ■ ■ ■ > k^^ = 1 {p < m) such that 
rki-n.+i = dki+i^ki exactly for any i. Then din < Y.i'i^ki- rki+i by the triangle 
inequality. But the right-hand side is a part of the sum r„ = /ti + • — h hm, and 
hence r„ > din- It follows that, cutting the construction at an appropriate step 
m! < m) (and taking an appropriate value oi h < hm'), we obtain a sequence 
of numbers n = < r2 < ■ ■ ■ < r„_i < r„ still satisfying (*) and satisfying 
'''n = i^n — fo = din- This ends the proof. □ {Claim) 
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Now, to carry out the proof of D <b cq, suppose that D = D{{Xk:, dk)) 
is an equivalence relation on X = IlfceN^*:' where each {Xk;dk) is a finite 
metric space. Let nfc be the number of elements in X^. Let, by the claim, rjk 
Xk — >■ R"^'' be an isometric embedding of {Xk \dk) into (IR"'= ; p^^.). The map 
7?(x) = r7o(a;o)^?7i(a;i)^r/2(a;2)^... (from X to R"^) reduces D to Cq . □ 

The structure of co-equalities tend to be connected more with the additive 
reducibiUty <a (see §l.d on <a and the associated relations <a and ~a) than 
with the general Borel reducibility. In particular, we have 

Lemma 70. For any CQ-equality D = D{{Xk \ dj^)), if D' is a Borel ER on a 
set Wj^X'f, (with finite nonempty X'^,) and D' <a D then D' is a CQ-equality. 

Proof. Let a sequence = no < ni < n2 < ■■■ and a collection of maps Hi : 
X'i ^ nn,<fc<n,+i witness D' <a D. For x' , y' G X[ put 

d'i{x\y')= max dk{Hi{x')k, Hi{y')k) ■ 
ni<k<ni^i 

Then easily D' = D{{X'^; d'/.)) . □ 

Lemma 71 (Farah [7] with a reference to Hjorth). Every CQ-equality D = 
D((Xfe; dk)) is induced by a continuous action of a Polish group. 

(The domain X = Hfo^'^fc ^ considered with the product topology.) 

Proof, (sketch) For any k let be the (finite) group of all permutations of 
Xk, with the distance pk{s,t) = max-rgXfc dk{s{x),t{x)). Then 

G = {£? e rife 'S'fe : lim pk{gk, e-k) = 0} , where Cfc G Sk is the identity , 

A;— >oo 

is easily a subgroup of Hfe'S'fc) moreover, the distance d{g,h) = swp/^ pk{gk, hk) 
converts G into a Polish group, the natural action of which on X (i. e., {g-x)k = 
gk{xk)-, VA;) is continuous and induces D. □ 

14. b Classification 

Recall that for a metric space a rational > 0, and a G yl, Gal^(a) 

is the set of all 6 G ^ which can be connected with a by a finite chain a = 
ao,ai, ...,an = h with d(ai,aj+i) < q for all i. Farah defines, for r > 0, 

5(r, ^) = inf G (Q+ : 3 a G A (diain(Gal^(a)) > r)} 

(with the understanding that here inf = +oo), and 

A(^) = {d{a, h) -.a^he A), so that diam A = sup(A(A) U {0}) . 

Now let D = D{{Xk; dk)) be a CQ-equality on X = HfeGN "^fc- basic 
properties of D are determined by the following two conditions: 
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(col) liminik^oo S{r, Xk) = for some r > 0. 
(co2) \/e>03e' e{0,e)3^k {A{Xk) n [e' , e) + 0). 

Easily (col) implies both the nontriviality of D = D((Xfc; d^)) and (co2). 

Theorem 72 (Farah [7]). Let D = D((Xfe;(ifc)) he a nontnvtal CQ-equahty 
Then 

(i) // (co2), hence, (col) fail then D Eq, hence, D --^b Eq ; 

(ii) // (col) fails but (co2) holds then D --^^ E3, hence, D ~b E3 ; 

(iii) // (col), hence, (co2) hold then Eq <a D and Di <a D /or a turbulent cq 
equality Di satisfying E3 <a Di . 

Proof, (i) To show that Eq <a D note that, by the nontriviality of D, there 
exist: a number p > 0, an increasing sequence = no < ni < n2 < ... , and, for 
any i, a pair of points x^., G X„. with drn{xrn,yni) > For n not of the 
form Tii fix an arbitrary S ^n- Now, if a G 2'^, then define ??(a) G Ilfc-^fc so 
that 'd[a)n = Zn for n not of the form n-j, while '(^(a)^. = or = if resp. 
= or = 1. This map "Q witnesses Eq <a D . 

Now prove that D <a Eq. As (co2) fails, there is £ > such that for each 
e' with < e' < e we have only finitely many k with the propery that e' < 
dkiC^rj) < e for some ^, G X/^. Let be the (finite) set of all |-galaxies 
in Xk, and let : X = H*;^*; G = Ha; G**; be defined as follows: 't?(x)fe is 
that galaxy in Gk to which belongs. Let E be the G-version of Eq, i.e., if 
g, h £ G then gEh iff gk = hk for all but finite k. As easily E <a Eq, it suffices 
to demonstrate that D <a E via i9. Suppose that x, y G X and ??(x) E i}{y) and 
prove xDy (the nontrivial direction). Let, on the contrary, x Py, so that there 
is a number p > with dk{xk,yk) > P for infinitely many k. We can assume 
that p < |. On the other hand, as '&{x) Ei9(y), there is ko such that Xk and 
yk belong to one and the same |-galaxy in Xk for all k > k^. Then, for any 
k > ko with dk{xk,yk) > P (i.e., for infinitely many values of k) there exists an 
element Zk G X^ in the same galaxy such that p < dk{xk, Zk) < s, but this is a 
contradiction to the choice of s (indeed, take e' =p). 

(ii) Let us show first that if (co2) holds then E3 <a D (independently of 
(col)). It follows from (co2) that there exist: an infinite sequence ei > £2 > 
£3 > ... > 0, for any i an infinite set Jj, and for any j £ Ji a pair of elements 
Xij, yij G Xj with dj{xij,yij) G [£j+i,£i). We may assume that the sets Ji are 
pairwise disjoint. Then the CQ-equality D' = D{{{xij,yij} ; dj)i^]3^, j^jj satisfies 
both D' <A D and D' = E3 (via a bijection between the underlying sets). 

Now, assuming that, in addition, (col) fails, we show that D <a E3. For 
all A;, n G INI let Gkn be the (finite) set of all ^-galaxies in X^. For any x G 
X = Hi-^j define •d{x) G G = Ylkn^kn so that '&{x)kn is that ^-galaxy in 
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Gkn to which Xk belongs (for all k, n ). The ER E on G, defined so that g E h 
iff Vn V°°fe {gkn = hkn) {g, h € G) is easily <a E3, so it suffices to show 
that D <A E via 1?. Suppose that x, y G X and '&{x) E and prove x D y 
(the nontrivial direction). Otherwise there is some r > with dk{xk,yk) > r for 
infinitely many k. As (col) fails for this r, there is n big enough for 6{r,Xk) > ^ 
to hold for almost all k. Then, by the choice of r, we have ^{x)kn 7^ '&{y)kn for 
infinitely many /c, hence, 'd{x) ^'&{y), contradiction. 

(iii) Fix r > with liminf fe-^oo <^('') -^fe) = 0- As for any increasing sequence 
no < rii < n2 < ... we have D((X„-;(i„J) <a D, it can be assumed that 
llmk 6{r,Xk) = 0, and further that d{r,Xk) < | for all k. Then every 
contains a ^-galaxy C X^ of diamyjfc > r. As easily D((Yfc;dfc)) <a D, the 
following lemma suffices to prove (iii). 

Lemma 72.1. Suppose that r > and each X^ is a single ^-galaxy in itself 
with diam(Xjt) > r. Then D = D((Xfc;dfc)) is turbulent and E3 <a D. 

Proof. We know from the proof of (iii) above that E3 <a D. Now prove that 
the natural action of the Polish group G defined as in the proof of Lemma 71 is 
turbulent under the assumptions of the lemma. 

That every D-class is dense in X = Ilfc^A; (with the product topology on 
X) is an easy exercise. To see that every D-class [x]d also is meager in X, note 
that by the assumptions of the lemma any X/,. contains a pair of elements x'^, x'^ 
with dk{x'j^, x'l,) > r. Let y^ be one of x'^, x'^' which is d^-fahrer than | from x^- 
Now the set Z = {z G X : 3°° A; {zk = yk)} is comeager in X and disjoint from 
[x]d- It remains to prove that local orbits are somewhere dense. 

Let G be an open nbhd of the identity in G and 7^ X C X be open in X. 
We can assume that, for some n, G is the ^-ball around the identity in G while 
X = {xGX:VA;<n {xk = ^fc)}, where elements € ^k, k < n, are fixed. It 
is enough to prove that all classes of the local orbit relation ~^ are dense in X. 
Consider an open set Y = {yGX:Vk<m {y^ = ^fc)} ^ where m > n and 
elements G Xk, n < k < m,, are fixed in addition to the above. 

Let X & X. Then x^ = S,k for k < n. Let n < k < m. The elements and 
Xk belong to Xk, which is a ^-galaxy, therefore, there is a chain, of a length 
i{k), of elements of Xk, which connects Xk and ^k so that every step within 
the chain has dfc-length < p Then there is a permutation gk of Xk such that 

9k'^\xk) = Cfc, gkiik) = Xk, and dk{C,9k{0) < I for all C ^ Xk- Let gk be 
the identity on Xk whenever k < n 01 k > m. This defines an element g € C 
which obviously belongs to G, moreover, X is ^-invariant and g^{x) G U, where 
= Yln<:k<:m'^i^)' hence, x~^5(x), as required. □ (Lemma) 

□ {Theorem 72) 

Remark 73. Theorem 72 shows that any nontrivial co-equality D <A-contains 
a turbulent co-equality D' with E3 <a D' (and the turbulence of D' holds, in 
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particular, via the natural action defined in the proof of Lemma 71), unless D is 
~A to Eq or E3, and that (col) is necessary for the turbulence of D itself and 
sufficient for a turbulent CQ-equality D' <a D to exist. □ 

14. c LV-equalities 

By Farah, an LV-equality is a co-equality D = D{{Xk; dk)) satisfying 

(lvI) Vm Ve > V°°A; Vxo,...,.Xm € Xk {dk{xo,x„i) < maXj<m4(xj,Xj+i) +e) . 

In other words, the metrics involved are postulated to be "asymptotically close" 
to ultrametrics. This sort of CQ-equalities was first considered by Louveau and 
Velickovic [31]. The following simple fact is analogous to Lemma 70. 

Lemma 74. For any LV-equaltty D, if D' is a Borel ER on a set Yli^Xj^ (with 
finite nonempty X'^) and D' <a D then D' is an LV-equality. □ 

Example 75 (Louveau and Velickovic [31]). We define X^ = {1, 2, 2^^'} and 
dk{m,n) = log(|m — n| + l)/k for 1 < m, n < 2^^ . □ 

Theorem 76 (Essentially, Louveau and Velickovic [31]). Let D = D{{Xk; d^)) 
be a turbulent LV -equality. Then we can associate, with each infinite A C INI, a 
LY -equality Da <a D such that for all ^, B C INI the following are equivalent: 

(i) AC* B (i. e., A^B is finite); 

(ii) Da<aDb ; 

(iii) Da <bm Db (i e., via a Baire measurable reduction). 

This theorem was the first major application of co-equalities. One of its corol- 
laries is that there exist big families of mutually irreducible Borel ERs ! 

Proof. As D is turbulent, the necessary turbulence condition (col) of § 14.b 
holds, moreover, as in the proof of Theorem72 (case (iii)), we can assume that it 
takes the following special form for some r > 0: 

(1) Each Xfe is a single min{|, ^;^}-galaxy of diaiii(Xj.) > 4r. 

The intended transformations (reduction to a certain infinite subsequence of 
spaces {Xk'jdk), and then each X^ to a suitable galaxy C Xj.) preserve 
(lvI), of course, moreover, going to subsequences once again, we can assume 
that (lvI) holds in the following special form: 

(2) dkixQ,Xmk) < maxi<^j^ dk{xi,Xi+i)-\--j^ whenever xq, ...,Xmk e X^, where 
ruk = 2ni=o . 

We can derive the following important consequence: 
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(3) For any k there is a set Yk C Xk of #(1a;) = n^k such that we have 
dk{x, y) > r for all x ^ y in • 

To prove this note that by (1) there is a set {xq, ...,x,„ } C Xk such that 
dk{xo,Xm) > 4r but x^+i) < r for all i. We may assume that m is the 

least possible length of such a sequence {xi}. Now let us define a subsequence 
{2/O) 2/1) ■•■) yn} of {xi}, the number n < m will be specified in the course of 
the construction. Put yo = ^o- If Uj = has been defined, and there is 

I > I < m, such that dk{yj,xi) > r, then let yj+i = xi for the least such I, 
otherwise put n = j and stop the construction. 

By definition dk{yj,yj+i) > r for all j < n, moreover, dk{yj',yj+i) > r 
for any / < j by the minimality of m. Thus = {yj ■ j < n} satisfies 
dk{x,y) > r for all a; 7^ y in Y/j. It remains to prove that n > rrik- Indeed we 
have dk{yj,yj+i) < 2r by the construction, hence, if n < rrife then we would 
have dk{yo,yn) < 3r by (2), which implies dk{yn-,Xm) > a contradiction to 
the assumption that the construction stops with y-n , 

This said, we proceed to the proof of the theorem. First note that 

Lemma 76.1. (iii) implies that (ii) holds at least for some (infinite) A! C. A. 

Proof. A Borel reduction can be extracted from a Baire measurable one by a 
version of the "stabilizers" construction (see proofs of ... .) □ {Lemma 76.1) 

Thus it remains only to show that (ii) implies (i), even simpler, that, for any 
disjoint infinite sets ^, C IM, <a fails. Suppose, towards the contrary, 
that <A Db holds, and let this be witnessed by a reduction ^ defined (as 
in §l.d) from an increasing sequence mini? = no < ni < n2 < ... of numbers 



rii ^ B and a collection of maps : X^ 
fkiS) = 



n 



Xj , k e A. Let 



max 



max 

je[Tii,Tii+i)riB 



■je[ni,ni+i)nB - 



for A; € N and 5 > (with the understanding that max0 = if applicable). 
Then f{6) = sup^g^ fk{^) is a nondecreasing map IR^ [0, 00) . 

Lemma 76.2. lims^of{6) = 0. 

Proof. Otherwise there is £ > such that f{S) > e for all 5. Then the numbers 
Ilk = min^^^gXfc , e^r? "n) (all of them are > 0) 

must satisfy inf Hk = 0. This allows us to define a sequence k^ <ki <k2 < 
... of numbers ki € A, and, for any fcj, a pair of ^j, rji € Xk^ with dki{Ci,Vi) ~^ 0) 
and also ji G [nfc^,nfe^+i) n B such that dj^{Hk^{S,i)j^, HkXili)ji) > £• Let x, y e 
T\keA -^k satisfy Xk^ = and y/j. = rji for all i and Xk = yk for al\ k ^ A 
not of the form k^. Then easily x D^y holds but '^{x) Db ^'(y) fails, which is a 
contradiction. □ [Lemma 76.2) 



Is it true 
that for a 
pair of co- 
equalities 
D, D', if 
D<B D' 
then 

D <A D' ?H 
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Let k £ A, and let Yk C Xk be as in (3). Then there exist elements Xk 
Uk in Yfc such that Hk{xk) \ k = Hk{yk) \ k. By (1) there is a chain Xk = 
Co,Ci,-">Cn = Vk of elements G with dkizi,Zi+i) < ^ for all i < n. 
Now Hki^i) e Ilje[ni,ni+i)nB ^3 ^ach i < n. Let j G [ni,ni+i) flB. If j > k 
then the elements = Hk{(,i)j, i < n, satisfy dj{yl,yi+i) < fkik^)- As clearly 
n < nij, we conclude that dj{Hk{xk)j, Hk{yk)j) < /fc(fc^) + 7^ by (2). li j < k 
then simply Hk{xk)j = Hk{yk)j by the choice of Xfc, t/fc- Thus totally 

(4) dj{Hk{xk)j,Hk{yk)j) < fik^) + for all j G [ni,ni+i)nB. 

(as ^ B). Let x = {xfejjtg^ and y = {yk}k<^A, both are elements of rifceA"^*;' 
and X Da y fails because dk{xk,yk) > r for all k. On the other hand, we have 
Db ^(y) by (4), because f(6) with 5 ^ by Lemma 76.2. This is a 
contradiction to the assumption that reduces to Db- 



□ {Theorem 76) 
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15 T2 is not reducible to ... 

This section contains a theorem saying that the ER T2 of equahty of countable 
sets of the reals is not Borel reducible to ERs which belong to a family of pinned 
ERs, including, for instance, continuous actions of CLI groups and some ideals, 
not only Polishable, and is closed under the Fubini product modulo Fin. But 
the prima facie definition of the family is based on a rather metamathematical 
property which we extracted from Hjorth [14]. 

Recall that T2 is defined on (iNl'^)'^ as follows: x T2 y iff ranx = rany. 

Suppose that X is or 11} in the universe V, and an extension V+ of V 
is considered. In this case, let X# denote what results by the definition of X 
applied in V"*". There is no ambiguity here by Shoenfield, and easily X = X'^HV . 

15. a Pinned ERs do not reduce T2 

Fix a Polish space X and let {Bn}n£M be a base of its topology. By a Borel code 
for X we shall understand a pair p = (T, /) of a wellfounded tree 7^ T = Tp C 
Ord<'^ (then A G T) and a map / : MaxT INI, where MaxT is the set of all C- 
maximal elements of T. We define Bp(t) C INl"^ for any t & T hy induction on 
the rank of t in T, so that 

• Bp{t) = B/(t) for all t G MaxT, and 

• Bp(t) = CUtA^gT^pC^^O for tGTx MaxT; 

• finally, put Bp = Bp(A) . 

For a Borel code p = {T,F), let swpp = supT be the least ordinal 7 with 
T C 7^'^. A code p is countable if supp < ui, in this case the coded set Bp is 
a Borel subset of X . 

Definition 77. A ER E is pinned if, for any (perhaps, uncountable) Borel 
code p, if Bp is 2wise E*-equivalent in any generic extension of V and non-empty 
in some generic extension of V, then there is a point x G domE, "pinning" p in 
the sense that Bp C [x]^# in any extension of V. □ 

Claim 77.1. T2 is not pinned. 

Proof. Consider a Borel code p for the set {x G (H^)^ : ranx = V}, so 

that Bp C (c^)'^'^. Then if of Definition 77 holds, actually, Bp is a T2-equivalence 
class in any universe where it is non-empty, but then fails. □ 

Lemma 77.2. // E, F are ERs, E <b F, and F is pinned, then so is E. 

Proof. Suppose that, in V, ?? : X ^ Y is a Borel reduction of E to F, where 
X = dom E and Y = dom F. We can assume that X and Y are just two copies of 
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2"^. Let r be a (countable) Borel code for 7? as a subset of X x Y. Let p be a 
Borel code satisfying if of Definition 77. There is perhaps no Borel code q such 
that Bq = Br"Bp everywhere, but still there is a code q with B^ C B^'Bp and 
Bq ^ % somewhere. Indeed, let, in V, A = card(sup^?) and k = (the next 
cardinal). Consider the formula A(p,r,y) saying: 

• y G Y and there is a forcing term r G L|j», r, y] such that the forcing 
Coll(IM,A) forces t[G] G Bp and y = Bj.(t[G]). 

As it is known, there is a Borel code q such that < — 

rfrnce ?~\ 

Bg = {y : L^[p,r,y] \= A{p,r,y)} 

in any extension of V. Then easily Bg C B,,."Bp, hence, B^ is 2wise F*-equivalent 
in any universe, in addition, B^ is nonempty somewhere. 

As F is pinned, there is, in V, a point y G Y such that Bg C [y]p# holds, 
in particular, in Coll(INJ, A)-generic extension of V, where Bg 7^ 0, hence, 
there is x G Bp n V"*" with y F* Br{x). It follows, by Shoenfield, that y F??(x') 
for some x' G X in V. Thus x x' , which implies that x' G V pins p, as 
required. □ 

15. b Fubini product of pinned ERs is pinned 

Recall that the Fubini product E = HfeeiN^fc/^^^ of ERs E^. on N'^ modulo 
Fin is a ER on (iNl'^)'^ defined as follows: xEy if x{k)Eky{k) for all but finite k. 

Proposition 78. The family of all pinned Yl\ ERs is closed under Fubini prod- 
ucts modulo Fin . 

Proof. Suppose that ERs E^ on N"^ are pinned; prove that the Fubini product 
E = HfeeN ^fc / pinned. Define x F^ y iff x{k) E^ y{k) : are XlJ ERs on 

(INJ"^)"^ and x E y iff a; F^ y for almost all k . 

Claim 78.1. Each Fk is pinned. 

Proof. Consider a Borel code p for a subset of (INl'^)'^, satisfying if of Defini- 
tion 77 w.r.t. Ffc. By the same argument as in the proof of Lemma 77.2, there 
is a Borel code q for a subset of iNl'^, such that B^ / in some extension of V 
and Bq C {x{k) : x G Bp} in any extension of V, hence, q satisfies if of Defini- 
tion 77 w.r.t. Efe. As E^ is pinned, there is a G INI such that B^ C [a]c# in any 

k 

extension, but then easily Bp C [x]p# in any extension, where x G (INl'^)'^ flV 

k 

has only to satisfy x{k) = a for the given k. □ {Claim) 

In continuation of the proof of the proposition, consider a Borel code p for 
a subset of (INl'^)'^, satisfying if of Definition 77 w.r.t. E. Our plan is to find 
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another Borel code p with Bp C Bp everywhere, which satisfies if of Definition 77 
for almost all E^. This involves a forcing by Borel codes. 

Let, in V, A = supp and k = A"*", thus, swpp < k. Let P be the set of all 
Borel codes g G V for subsets of (INl'^)'^ such that supg < k and Bq 7^ in a 
generic extension of the universe V. P is considered as a forcing, with q ^ p (q 
is stronger) iff Bg C Bp in all generic extensions of V. It is known that P forces a 
point of (tt^'^)'^, so that flgeG^? = i^o} for any P-generic, over V, set G C P. 
Let X be the name of the generic element of (INJ'^)'^ . 

By the choice of p, {p,p) P x P-forces Xie±t E* Xright; hence, there are 
codes r G P and a number ko such that {q,r) P x P-forces xieft Ffc* Xright 
for any k > feg- By a standard argument, we have x F^* y for all k > ko in 
any extension of V for any two P-generic, over V, elements x, y E Bg. We can 
straightforwardly define in V a Borel code p (perhaps, not a member of P !) such 
that, in any extension of V, Bp is the set of all P-generic, over V, elements of 
Bq. Then p satisfies if of Definition 77 w.r.t. any with k > ko. Hence, by the 
claim, there is, in V, a sequence of points x^ G (INl'^)'^ such that Bp C [xfe]p# 

k 

in any generic extension of V, for any k > ko. Define xG(INl'^)'^nV so that 
x{k) = Xk{k) for any k > ko, then, by the definition of F^, we have Bp C [a;]p# 

k 

for all k > ko in any extension of V. Yet nit>feoMF* — Me* • '-' (Proposition) 

15. c Complete left-invariant actions produce pinned ERs 

Recall that a Polish group G is complete left-invariant, CLI for brevity, if G 
admits a compatible left-invariant complete metric. Then easily G also admits a 
compatible right-invariant complete metric, which will be practically used. 

Theorem 79. (Hjorth [14]) Suppose that C is a Polish CLI group continuously 
acting on a Polish space X. Then is pinned, hence, T2 is not Borel reducible 
to E^. 

Proof. Fix a Borel code p satisfying if of Definition 77 w.r.t. E^. Let k be a 
cardinal in V satisfying sup^< k. Define forcing P as above, thus, P forces an 
element of X. 

Let p be a compatible right-invariant metric on G . 

For any e > 0, let Gg = {g & G : p{g, 1g) < £}■ Say that q E P is of size 
< e if {q,q) (P x P)-forces that there is g G G^^ with Xieft = In this 

case, in any generic extension of the universe, if {x,y) G Bg x Bg is a (P x P)- 
generic pair then there is g G G^* with y = g-x. 

Lemma 79.1. // g G P, q ^ p, and £ > 0, then there exists a condition r G P, 
r ^ q, of size < e . 

Proof. Otherwise for any r G P, r =^ g, there is a pair of conditions r' , r" G P 
stronger than r and such that {r',r") (P x P)-forces that there is no 5 G Gg* 
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with Xieft = 5 -bright- Applying, in a sufficiently generic extension of V, 
an ordinary splitting construction, we find a perfect set X C. Bg such that any 
pair {x,y) G with x ^ y is {P X P)-generic, hence, there is no g G G^* 
with y = g-x. Fix xq G X. As X is a pairwise E^-equivalent set (together with 
Bq ) we can associate, in V"*", with each x G X, an element gx G such that 
X = gx'Xo, and gx Gg"^ by the above. Moreover, we have gygx^ 'X = y for all 
X, y E X, hence gyg^^ ^ G^* whenever x y, which implies p{gx,gy) > £ by 
the right invariance. But this contradicts the separability of G. □ (Lemma) 

It follows that there is, in V, a sequence of codes G P such that qo =^ p, 
Qn+i =^ Qn, Qn has size < 2^", and B^^ has X-diameter < 2~" for any n. The 
only limit point x of the sequence of sets B^^ belongs to V, thus, it remains to 
show that Bp C [x], y^^# in any extension of the universe V. 

\ G' 

We can assume that V"*" is rich enough to contain, for any n, an element 
Xn G Bq„ such that each pair {xn,Xn+i) is (P x P)-generic (over V). Then 
lim„Xn = X. Moreover, for any n, both a;,„ and Xn+i belong to Bg,^, hence, as 
Qn has size < 2~"'~^, there is gn+i £ with ^(l,^) < 2~" such that Xn+i = 
gn+i-Xn- Thus, Xn = K-xq, where /i„ = gn---gi- Note that p{hn,hn~i) = 
p{gn,^c) < 2""'+-^ by the right-invariance of the metric, thus, {/i„}neN is a 
Cauchy sequence in G*. Let h = liin„^oo G G* be its limit. As the action 
is continuous, we have x = lim„x„ = h-XQ. It follows that x Eg xq. However 
xq G Bqo C Bp, therefore. Bp C [x], xn#) as required. 

□ {Theorem 79) 

15. d All ideals are pinned 

Let us say that a Borel ideal is pinned if so is the induced ER Ejr. It imme- 
diately follows from Theorem 79 that any polishable ideal is pinned. Yet there 
are pinned ideals among non-polishable ones. 

Theorem 80. Any Fq- ideal J C ^(INJ) is pinned. 

Proof. We have ,^ = Un-^n, where all sets F„ C ^(N) are closed. It can be 
assumed that F„ C moreover, since for any closed F C ^(INJ) the set 

AF = {X A y : y G F} is also closed (by the compactness of .^(INI)), it can 
be assumed that AF„ C for all n. 

Let p be a Borel code, for a subset of ^(N), satisfying if of Definition 77 
w.r.t. the induced ER on ^(INJ), thus, p G P, where P is a forcing defined 
as in the proof of Proposition 78 (but now P forces a subset of ^(INI), of course). 
Obviously there exists a pair of conditions r G P with q, r <p, and a number 
G N, such that {q,r) forces that (xieft, airight) G -^y*- Then {q,q) forces 
^left ^ ^^right ^ bccausc AFj^ C Fyj^i. It follows that, in V, there is a 

sequence of numbers io < < ^2 < a sequence ^ Po Pi P2 ^ ■•■ of 
codes in P, and, for any n, a set Un C [0, n), such that 
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(1) each Pn P-forces x n [0,n) = n„; 

(2) any P-generic, over V, x, y E Bp^ satisfy x Ay E Fj^+i*. 

Let, in V, a = Un^w then afl [0, n) = for all n. Prove that a pins B^, i.e., 
B^ C [a]^^# in any extension of V. 

We can assume that, in the extension, for any n there is a P-generic, over 
V, element Xn € Bp^. Then we have, by (2), A G -Fj^+i* for any n, thus, 
xq A a & as well, because — > a. We conclude that xq E j?-* a, and 

^ [''^Ie^*' required. □ 

15.e Another family of pinned ideals 

We here present another family of pinned ideals. Suppose that {(pi}ieti^ is a 
sequence of lower semicontinuous (l.s.c.) submeasures on INI. Define 

Exh{^.} = {X C IM : (poo{X) = 0} , where (pooi^) = limsup(^j(X) . 

i—*oo 

the exhaustive ideal of the sequence of submeasures. By Solecki's Theorem 41 
for any Borel P-ideal there is a single l.s.c. submeasure (p such that ^ = 
Exhj^.} = Exhip, where <fi{x) = ip{xri [i, oo)), however, for example, the non-pol- 
ishable ideal J^i = Fin x also is of the form Exhj^pj, where for x C IM^ we 
define ipi{x) = or 1 if resp. re C or ^ {0; ■■■^^ — 1} x IM . 

Theorem 81. Any ideal of the form Exh{^.}. is pinned. 

Proof. Thus let = Exh^^.y, all cpi being l.s.c. submeasures on INI. We can 

assume that the submeasures decrease, i.e., ipi^i{x) < (pi{x) for any x, for if 
not consider the l.s.c. submeasures f[{x) = supj^- (pj{x). Let p be a Borel code, 
for a subset of ^(INI), satisfying if of Definition 77 w. r. t. the induced ER Ejr on 
^{hl), thus, p € P, where P is a forcing defined as in the proof of Proposition 78 
(P forces a subset of ^(N)). 

Using the same arguments as above, we see that for any p € P, p ^ p, and 
n G INI, there are i > n and codes q, r E. P with q, r ^ p, such that {q,r) 
P X P-forces that ipi{xieft A rrright) < 2~"~-^, hence, any two P-generic, over 
V, elements x, y & Bg satisfy ipi{x Ay) < 2~"'. It follows that, in V, there is a 
sequence of numbers zq < ii < ^2 < a sequence p )^ po > )^ P2 ^ ••• of 
codes in P, and, for any n, a set Un C [0, n), such that 

(1) each Pn P-forces rr fl [0,n) = u„; 

(2) any P-generic, over V, x, y £ Bp^ satisfy (pi^{xAy) < 2~^. 

Let, in V, a = Un^"' then afl [0,n) = u„ for all n. Prove that a pins B^, i.e.. 
Bp C [o]^# in any extension of V. 



16 UNIVERSAL ANALYTIC ERS AND REDUCTION TO IDEALS 



101 



We can assume that, in the extension, for any n there is a P-generic, over V, 
element x„ G Bp^. Then we have, by (2), ifi^{xn^Xm) < 2~" whenever n < m. 
It follows that finixn A a) < 2"", because a = lim^x^ by (1). However we 
assume that the submeasures ipj decrease, hence, ^oo{xn A a) < 2"". On the 
other hand, i^ooixn A xq) = because all elements of Bp(, are pairwise E^- 
equivalent. We conclude that ^oo{xq A a) < 2"" for any n, in other words, 
fooixQ A a) = 0, xq E% a. and Bp C [a]p# , as required. □ 

Question 3. Are all Borel ideals pinned ? The expected answer "yes" would 
show that T2 is not Borel reducible to any Borel ideal. Moreover, is any orbit 
ER of a Borel action of a Borel abelian group pinned ? But even this would not 
fully cover Hjorth's Theorem 79. □ 

Question 4 (Kechris). If Question 3 answers in the positive, is it true that T2 
is the <B-least non-pinned Borel ER ? □ 

[47] 

16 Universal analytic ERs and reduction to ideals 

A Technical introduction 

A. a Notation 

• INI = {0,1,2,...} : natural numbers. INI ^ = INI X INI. 

• IH*^ is the Baire space. If s G IM'^'^ (a finite sequence of natural numbers) 
then ^s(N^) = {x € ^^l^ : s C x}, a basic clopen nbhd in '^^ . 

• X 'Z* Y means that the difference X \ y is finite. 

• If a basic set A is fixed then ZX = X^ = A \ X for any X C. A. 

• li X C. Ax B and a & A then {X)a = {b : (a, 6) G X}, a cross-section. 

• ^X = is the number of elements of a finite set X . 

• PX = {/(x) : X G X n dom /}, the j -image of X . 

• A is the symmetric difference. 

• 3°° a; ... means: "there exist infinitely many x such that 
V°°x ... means: "for all but finitely many x, ... holds". 
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• An ideal on a set A is, as usual, any set 7^ =y C ^{A), closed under 
U and satisfying x G =^ V ^ ^ whenever y C x C A. Thus, any ideal 
contains 0. We'll usually consider only nontrivial ideals, i.e., those which 
contain all singletons {a} C A and do not contain A, i. e., ^tin{A) C ^ 
J^{A). 

• If ^ is an ideal on a set A then let E,/ be an equivalence relation (ER, 
for brevity) on ^{A), defined as follows: X Ej^Y iff X AY e ^ . 

• If E is an ER on a set X then [y]E = {x & X : y E x} for any y € X (the 
E.- class of x) and [Y]^ = Uj,ey[y]E (the E- saturation of y) for y C X. A 
set y C X is E-invariant if [y]E = y. 

• If E is an ER on a set X then a set y C X is pairwise E-equivalent, resp., 
pairwise E- in equivalent, if xEy, resp., x ^y holds for all x ^ y in Y . 

• If X, y are sets and E any binary relation then XEY means that we 
have both \/ x G X 3y € Y {x E y) and VyGy3xGX(xEy). 

A.b Descriptive set theory 

A basic knowledge of Borel and projective hierarchy, both classical and effective, 
in the Baire space INl'^ and other (recursively presented, in the effective case) 
Polish spaces, is assumed. 

A map / (between Borel sets in Polish spaces) is Borel iff its graph is a Borel 
set iff all /-preimages of open sets are Borel. A map / is Baire measurable {BM , 
for brevity) iff all /-preimages of open sets are Baire measurable sets. 

A.c Trivia of "effective" descriptive set theory 

Apart of the very common knowledge, the whole instrumentarium of "effective" 
descriptive set theory employed in the study of reducibility of ideals and ERs, 
can be summarized in a rather short list of key "principles". In those below, by 
a recursively presented Polish space one can understand any product space of 
the form N™ x (N"^)" without any harm for applications below, yet in fact this 
notion is much wider. 

Remark 82. For the sake of brevity, the results below are formulated only 
for the "lightface" parameter-free classes Sl, III, but they remain true for 
SKp), n\{p), ^\{p) for any fixed real parameter p. □ 

Reduction and Separation: If X, Y are n\ sets of a recursively presented Polish 
space then there disjoint n\ sets X' <Z X and y' C y with X' \JY' = 
X\JY. The sets X' , Y' are said to reduce the pair X, Y . 
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If X, Y are disjoint sets of a recursively presented Polish space then 
there is a A\ set Z with X C Z and Y (1 Z = ^ . The set Z is said to 
separate the X from y. 

Countable-to-1 Projection: If P is a A\ subset of the product X x Y of two 
recursively presented Polish spaces and for any a; G X the cross-section 
Px = {y ■ P{x,y)} is at most countable then domP is a A\ set in X. 

It follows that images of A\ sets via countable-to-1, in particular, 1-to-l A\ 
maps are Al sets, while images via arbitrary Al maps are, generally. El . 

Countable-to-1 Enumeration: If P, X, Y are as in Countable-to-1 Projection then 
there is a A\ map / : domP x INI ^ Y such that Px = {f{x,n) : n G INI} 
for all X G dom P . 

Countable-to-1 Uniformization: If P, X, Y are as in Countable-to-1 Projection then 
P can be uniformized by a A\ set. 

Kreisel Selection: If X is a recursively presented Polish space, P C X x IM is a 
nl set, and X C domP is a A\ set then there is a A\ function / : X — > IM 
such that {x, f{x)) G P for al x G X . 

The proof is surprisingly simple. Let Q C P be a III which uniformizes P. 
For any x G X let f(x) be the only n with {x,n) G Q. Immediately, (the graph 
of) / is nl, however, as ran/ C INI, we have f{x) = n <^=> Vm 7^ n{f{x) 7^ m) 
whenever x & X, which demonstrates that / is El as well. 

A\ Enumeration: If X is a recursively presented Polish space then there exist 
nl sets CCtt^JandTycNxX and a El set W C h\ x X such that 
We = W'e for any e G C and a set X C X is A\ iff there is e G C such 
that X = We = W'e. (Here We = {x: W{e,x)] and similarly W^.) 

There is a generalization useful for relativised classes A\{y) . 

Relativized A\ Enumeration: If X, Y are recursively presented Polish spaces then 
there exist iJj sets C C Y x N and C Y x IN x X and a El set 
VF' C Y X IM x X such that Wye = Wye for any (y, e) G C and, for any 
y G Y, a set X C X is A\{y) iff there is e such that (j/, e) G C and 
X = Wye = W^e- ( Wye = {x : W{y, e, x)} and similarly W^^e •) 

Suppose that X is a recursively presented Polish space. A set U C IM x X, 

is a a universal nl set if for any il^ set X C X there is an index n with 
X = Un = {x : {n, x) & U}, and a a "good" universal nl set if in addition for 
any other nl set F C IM x X there is a recursive function / : IM ^ IM such that 
Vn = Uf{n) for all n . 

The notions of universal and "good" universal El sets are similar. 
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Universal Sets: For any recursively presented Polish space X there exist a "good" 
universal il^ set ^7 C IhJ x X and a "good" universal Ul set F C IhJ x X. 
(In fact we can take F = (INI x X) \ [/".) 

If a "good" universal i7| set U is fixed then a collection of i7| sets X C X 
is nl in the codes if {n: Un £ ^} is a III Similarly, if a "good" universal 
El set V is fixed then a collection of El sets X C X is III *^ codes if 
{n : G £/} is a 77| set. These notions quite obviously do not depend on the 
choice of "good" universal sets. 

To show how "good" universal sets work, we prove: 

Proposition 83. Let X be a recursively presented Polish space and [/ C IM x X 
a "good" universal III ^^i- Then for any pair of III ^^^^ V, C INI x X there 
are recursive functions /, 5 : INI — ^ INI such that for any m, n G INI the pair of 
cross-sections Uf^jn,n)j Ug{m,n) reduces the pair V^, Wn- 

Proof. Consider the following Til ^^^^ ™ (INI x INI) x X: 

P = {(m, n, x) : (m, x) G y A n € IM}, Q = {(m, n, x) : {n, x) € W Am € IM}. 

By Reduction, there is a pair of ilj sets P' P and Q' Q which reduce the 
given pair P, Q. Accordingly, the pair Q'mn reduces Pmn, Qmn for any 

m,n. Finally, by the "good" universality there are recursive functions f,g such 
that = C//(r„,n) and Q'^„ = Ug(^^^n) for all m,n. □ 

The following principle is less elementary than the results cited above, but it 
is very useful because it allows to "compress" some sophisticated arguments with 
multiple applications of Separation and Kreisel selection. 

Reflection: Assume that X is a recursively presented Polish space. 

nl form: Suppose that a collection ^ of III ^^^s X C X is III ™ the codes. 
(In the sense of a fixed "good" universal III set C/ C INI x X. ) Then for any 
X e ^ there is a A\ set Y E ^ with Y CX . 

EI form: Suppose that a collection £/ of III sets X C X is ilj in the codes. 
Then for any X e ^ there is a Al set Y e S2f with X QY . 

One of (generally, irrelevant here) consequences of this principle is that the 
set of all codes of a properly III properly El set is never III ■ 

A.d Polish-like families and the Gandy — Harrington topology 

The following notion is similar to the Choquet property but somewhat more 
convenient to provide the nonemptiness of countable intersections of pointsets. 
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Definition 84. A family ,^ is Polish-like if there exists a countable collection 
{S^n - n £ hi} of dense subsets S^n ^ =^ such that we have Hn-^" ^ whenever 
Fq ^ Fi D F2 ^ ... is a decreasing sequence of sets F„ E ^ which intersects 
every 9n. (Here, a set ^ C J? is dense ii y F e ^ 3D e 9 {D C F).) □ 

For instance if ^ is a Polish space then the collection of all its non-empty 
closed sets is Polish-like, for take ^„ to be all closed sets of diameter < n~^. 

Theorem 85 (Kanovei [22], Hjorth [13]). The collection ^ of all non-empty 
Ul subsets of (Nl"^ is Polish-like. □ 

Proof. For any P C INJ"^ x N"^ define prP = {x : 3y P{x,y)} (the projection). 
If P C INJ'^ X INJ^ and s, t G INJ<'^ then let Pst = {{x,y) & P : s C x A t C y}. 
Let S>{P,s,t) be the collection of all El sets 7^ X C tt^J^ such that either 
X CiprPst = or X C px PgAi^fAj for some i, j. (Note that in the "or" case i is 
unique but j may be not unique.) Let '.n d INJ} be an arbitrary enumeration 
of all sets of the form &{P,s,t), where P C INJ"^ x INJ"^ is Ilf. Note that in this 
case all sets of the form prP^j are Sl subsets of INl'^, therefore, ^{P,s,t) is 
easily a dense subset of so that all ^„ C ^ are dense. 

Now consider a decreasing sequence Xq D Xi D ... of non-empty El sets 
Xfc C INJ^, which intersects every ^„ ; prove that fjn + 0- Call a set X C INJ^ 
positive if there is n such that X^ C X. For any n, fix a n\ set P" C IhJ^ x INJ^ 
such that Xn = prP". For any s, t E INI^'^, if prP," is positive then, by 
the choice of the sequence of Xn, there is a unique i and some j such that 
prP^Aj is also positive. It follows that there is a unique x = a;„ e N'^ and 
some y = yn £ (perhaps not unique) such that prP^|.^ ^|.^ is positive for 
any k. As P" is closed, we have P^{x,y), hence, Xn = x E X„. 

It remains to show that Xm = Xn for m ^ n. To see this note that if both 
Pst and Qs't' are positive then either s C. s' or s' C. s . □ 

The collection of all non-empty El subsets of Ihj'^ is a base of the Gandy - 
Harrington topology, which has many remarkable applications in descriptive set 
theory. This topology is easily not Polish, even not metrizable at all, yet it shares 
the following important property of Polish topologies: 

Corollary 86. The Gandy - Harrington topology is Baire, i.e., every comeager 
set is dense. 

Proof. This can be proved using Choquet property of the topology, see [12], 
however, the Polish-likeness (Theorem 85) also immediately yields the result. □ 
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